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NONLINEAR DYNAMICS OF THE VIBRATION MACHINE WITH  

ELECTROD YNAMIC ACTUATOR OF VIBRATIONS POWERED FROM A 

VOLTAGE SOURCE  
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Annotation. The results of the analysis of the dynamic properties of a technological machine with 

an electrodynamic vibration exciter when powered from a voltage source are presented.  The work 

of the system is considered both at idle and under nonlinear technological load. The amplitude-

frequency characteristics of the machine are presented and found conditions for the appearance of 

ambiguity regions corresponding to unstable modes. 

 Key words: vibration machine, non-linear technological load, resonance, amplitude-frequency 

characteristic, process speed. 
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ʕʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʠʝ ʚʦʟʙʫʜʠʪʝʣʠ ʢʦʣʝʙʘʥʠʡ [1, 2], ʠʩʧʦʣʴʟʫʝʤʳʝ ʚ ʠʩʧʳʪʘʪʝʣʴʥʳʭ 
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ʨʘʙʦʯʝʛʦ ʦʨʛʘʥʘ ʩ ʥʝʣʠʥʝʡʥʦʡ ʪʝʭʥʦʣʦʛʠʯʝʩʢʦʡ ʥʘʛʨʫʟʢʦʡ, ʚʦʟʥʠʢʘʶʱʝʡ ʧʨʠ ʚʳʧʦʣʥʝʥʠʠ 

ʨʘʙʦʯʝʛʦ ʧʨʦʮʝʩʩʘ. ɺ ʩʪʘʪʴʝ ʚʳʧʦʣʥʝʥ ʘʥʘʣʠʟ ʜʠʥʘʤʠʯʝʩʢʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʤʘʰʠʥʳ ʧʨʠ ʝʝ 

ʨʘʙʦʪʝ, ʢʘʢ ʥʘ ʭʦʣʦʩʪʦʤ ʭʦʜʫ, ʪʘʢ ʠ ʚ ʨʘʙʦʯʠʭ ʨʝʞʠʤʘʭ ʧʨʠ ʧʠʪʘʥʠʠ ʚʦʟʙʫʜʠʪʝʣʷ ʢʦʣʝʙʘʥʠʡ 

ʦʪ ʠʩʪʦʯʥʠʢʘ ʪʦʢʘ ʠ ʠʩʪʦʯʥʠʢʘ ʥʘʧʨʷʞʝʥʠʷ.  

ʅʘ ʨʠʩ. 1 ʧʦʢʘʟʘʥʘ ʩʭʝʤʘ ʚʠʙʨʘʮʠʦʥʥʦʡ ʤʘʰʠʥʳ ʩ ʵʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʠʤ ʚʦʟʙʫʜʠʪʝʣʝʤ 

ʢʦʣʝʙʘʥʠʡ. ɺ ʢʦʨʧʫʩʝ 1 ʞʝʩʪʢʦ ʟʘʢʨʝʧʣʝʥʘ ʤʘʛʥʠʪʥʘʷ ʩʠʩʪʝʤʘ, ʢʦʣʴʮʝʚʦʡ ʤʘʛʥʠʪ 2 ʢʦʪʦʨʳʡ 

ʟʘʞʘʪ ʤʝʞʜʫ ʤʘʛʥʠʪʦʧʨʦʚʦʜʘʤʠ 3 ʠ 4. ɺ ʢʦʣʴʮʝʚʦʤ ʟʘʟʦʨʝ ʤʘʛʥʠʪʦʧʨʦʚʦʜʦʚ ʨʘʟʤʝʱʝʥʘ 

ʢʘʪʫʰʢʘ 5 ʩ ʚʦʟʤʦʞʥʦʩʪʴʶ ʧʝʨʝʤʝʱʝʥʠʷ ʚʜʦʣʴ ʦʩʠ ʫʩʪʨʦʡʩʪʚʘ. ʂʘʪʫʰʢʘ ʞʝʩʪʢʦ ʫʩʪʘʥʦʚʣʝʥʘ 

ʥʘ ʮʝʥʪʨʘʣʴʥʦʤ ʩʪʝʨʞʥʝ 6, ʢʦʪʦʨʳʡ ʩʚʷʟʘʥ ʩ ʢʦʨʧʫʩʦʤ ʫʧʨʫʛʠʤʠ ʤʝʤʙʨʘʥʘʤʠ 7. ʅʘ ʢʦʥʮʝ 

ʩʪʝʨʞʥʷ ʫʩʪʘʥʦʚʣʝʥ ʠʥʩʪʨʫʤʝʥʪ, ʚʟʘʠʤʦʜʝʡʩʪʚʫʶʱʠʡ ʩ ʦʙʨʘʙʘʪʳʚʘʝʤʳʤ ʠʟʜʝʣʠʝʤ ʠʣʠ 

ʩʨʝʜʦʡ 8. ʀʥʩʪʨʫʤʝʥʪ ʧʦʜʞʠʤʘʝʪʩʷ ʢ ʠʟʜʝʣʠʶ ʩʪʘʪʠʯʝʩʢʦʡ ʩʠʣʦʡ P, ʧʨʠʣʦʞʝʥʥʦʡ ʢ ʢʦʨʧʫʩʫ 

ʤʘʰʠʥʳ. 

ʂʘʪʫʰʢʠ ʧʦʣʫʯʘʶʪ ʧʠʪʘʥʠʝ ʦʪ ʠʩʪʦʯʥʠʢʘ ʧʝʨʝʤʝʥʥʦʛʦ ʪʦʢʘ. ʇʨʦʭʦʜʷʱʠʡ ʯʝʨʝʟ ʦʙʤʦʪʢʫ 

ʢʘʪʫʰʢʠ ʧʝʨʝʤʝʥʥʳʡ ʪʦʢ Ὥὸ ʩʦʟʜʘʝʪ ʧʝʨʝʤʝʥʥʫʶ ʩʠʣʫ Ὢὸ ʚʦʟʙʫʞʜʝʥʠʷ ʢʦʣʝʙʘʥʠʡ 

ʢʘʪʫʰʢʠ [1, 2] ʠ ʞʝʩʪʢʦ ʩʚʷʟʘʥʥʦʛʦ ʩ ʥʝʡ ʠʥʩʪʨʫʤʝʥʪʘ 

Ὢὸ ὄὰὭὸ (1) 

ʛʜʝ B ï ʤʘʛʥʠʪʥʘʷ ʠʥʜʫʢʮʠʷ ʤʘʛʥʠʪʥʦʛʦ ʧʦʣʷ ʚ ʟʘʟʦʨʝ; l ï ʜʣʠʥʘ ʧʨʦʚʦʜʥʠʢʘ ʦʙʤʦʪʢʠ 

ʢʘʪʫʰʢʠ; i ï ʩʠʣʘ ʪʦʢʘ. 

 

 

ʈʠʩ. 1. 

ɺ ʪʦ ʞʝ ʚʨʝʤʷ ʜʚʠʞʝʥʠʝ ʢʘʪʫʰʢʠ ʚ ʤʘʛʥʠʪʥʦʤ ʧʦʣʝ ʩʦʟʜʘʝʪ ʚ ʝʝ ʦʙʤʦʪʢʝ 

ʧʨʦʪʠʚʦʵʣʝʢʪʨʦʜʚʠʞʫʱʫʶ ʩʠʣʫ 

Ὡὸ ὄὰὼὸ, (2) 

ʛʜʝ ὼὸ
 
ï ʟʘʢʦʥ ʜʚʠʞʝʥʠʷ ʢʘʪʫʰʢʠ. 

ɺʟʘʠʤʦʜʝʡʩʪʚʠʝ ʨʘʙʦʯʝʛʦ ʦʨʛʘʥʘ ʩ ʦʙʨʘʙʘʪʳʚʘʝʤʦʡ ʩʨʝʜʦʡ ʩʦʟʜʘʝʪ ʪʝʭʥʦʣʦʛʠʯʝʩʢʫʶ 

ʥʘʛʨʫʟʢʫ ʥʘ ʢʦʣʝʙʘʪʝʣʴʥʫʶ ʩʠʩʪʝʤʫ. ɼʣʷ ʦʧʠʩʘʥʠʷ ʪʝʭʥʦʣʦʛʠʯʝʩʢʦʡ ʥʘʛʨʫʟʢʠ ʠʩʧʦʣʴʟʫʝʪʩʷ 

ʥʝʣʠʥʝʡʥʘʷ ʜʠʥʘʤʠʯʝʩʢʘʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ Ὢ Ὢὼȟὼ ʨʘʙʦʯʝʛʦ ʧʨʦʮʝʩʩʘ [6, 7], ʢʦʪʦʨʘʷ 

ʦʧʨʝʜʝʣʷʝʪ ʟʘʚʠʩʠʤʦʩʪʴ ʩʠʣʳ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʠʥʩʪʨʫʤʝʥʪʘ ʩ ʜʝʪʘʣʴʶ ʦʪ ʧʝʨʝʤʝʱʝʥʠʷ ὼ ʠ 
ʩʢʦʨʦʩʪʠ ὼ ʠʥʩʪʨʫʤʝʥʪʘ. 

 

ʈʝʞʠʤʳ ʭʦʣʦʩʪʦʛʦ ʭʦʜʘ. ʈʘʩʩʤʦʪʨʠʤ ʩʥʘʯʘʣʘ ʜʠʥʘʤʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ ʩʠʩʪʝʤʳ ʧʨʠ ʨʘʙʦʪʝ 
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ʥʘ ʭʦʣʦʩʪʦʤ ʭʦʜʫ, ʪ.ʝ. ʧʨʠ ʦʪʩʫʪʩʪʚʠʠ ʪʝʭʥʦʣʦʛʠʯʝʩʢʦʡ ʥʘʛʨʫʟʢʠ Ὢ π. ʉʦʩʪʦʷʥʠʝ 

ʵʣʝʢʪʨʦʤʝʭʘʥʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ ʧʨʠ ʫʩʪʘʥʦʚʠʚʰʠʭʩʷ ʛʘʨʤʦʥʠʯʝʩʢʠʭ ʢʦʣʝʙʘʥʠʷʭ ʩ ʫʯʝʪʦʤ (1) 

ʠ (2) ʦʧʠʩʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʷʤʠ 

ʩ ά‫ Ὦ‫ὦὥ ὄὰὍȟ 

Ὑ Ὦ‫ὒὍ Ὗ Ὦ‫ὄὰὥȟ 
(3) 

ʛʜʝ m, ʩ, b ï ʤʘʩʩʘ ʧʦʜʚʠʞʥʳʭ ʯʘʩʪʝʡ, ʞʝʩʪʢʦʩʪʴ ʤʝʤʙʨʘʥ ʠ ʢʦʵʬʬʠʮʠʝʥʪ ʚʷʟʢʦʛʦ 

ʩʦʧʨʦʪʠʚʣʝʥʠʷ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ; R, L ï ʩʦʧʨʦʪʠʚʣʝʥʠʝ ʮʝʧʠ ʧʠʪʘʥʠʷ ʠ ʠʥʜʫʢʪʠʚʥʦʩʪʴ 

ʢʘʪʫʰʢʠ; ὟȟὍ ï ʢʦʤʧʣʝʢʩʥʳʝ ʘʤʧʣʠʪʫʜʳ ʥʘʧʨʷʞʝʥʠʷ ʧʠʪʘʥʠʷ ʢʘʪʫʰʢʠ ʠ ʪʦʢʘ ʚ ʝʝ 
ʧʨʦʚʦʜʥʠʢʝ; ὥ ï ʢʦʤʧʣʝʢʩʥʘʷ ʘʤʧʣʠʪʫʜʘ ʢʦʣʝʙʘʥʠʡ ʠʥʩʪʨʫʤʝʥʪʘ; ;ï ʯʘʩʪʦʪʘ ʢʦʣʝʙʘʥʠʡ ‫ 

Ὦ Ѝɀρ. 
ʇʠʪʘʥʠʝ ʵʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʦʛʦ ʚʦʟʙʫʜʠʪʝʣʷ ʢʦʣʝʙʘʥʠʡ, ʢʘʢ ʧʨʘʚʠʣʦ, ʧʨʦʠʟʚʦʜʠʪʩʷ ʦʪ 

ʠʩʪʦʯʥʠʢʘ ʥʘʧʨʷʞʝʥʠʷ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʩʠʣʘ ʪʦʢʘ ʚ ʧʨʦʚʦʜʥʠʢʝ ʢʘʪʫʰʢʠ ʟʘʚʠʩʠʪ ʥʝ ʪʦʣʴʢʦ ʦʪ 

ʧʘʨʘʤʝʪʨʦʚ ʢʘʪʫʰʢʠ. ʇʨʠ ʜʚʠʞʝʥʠʠ ʚ ʤʘʛʥʠʪʥʦʤ ʧʦʣʝ ʚ ʧʨʦʚʦʜʥʠʢʝ ʢʘʪʫʰʢʠ ʚʦʟʥʠʢʘʝʪ 

ʧʨʦʪʠʚʦʵʣʝʢʪʨʦʜʚʠʞʫʱʘʷ ʩʠʣʘ Ὡ ὄὰὼ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʩʦʩʪʦʷʥʠʝ ʩʠʩʪʝʤʳ ʦʧʠʩʳʚʘʝʪʩʷ 
ʫʨʘʚʥʝʥʠʷʤʠ (3), ʚ ʢʦʪʦʨʳʭ ʟʘʜʘʥʥʳʤ ʷʚʣʷʝʪʩʷ ʥʘʧʨʷʞʝʥʠʝ όὸ ὟὩÊʖ. ʈʝʰʘʷ ʩʠʩʪʝʤʫ 
ʫʨʘʚʥʝʥʠʡ (3) ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʠʟʚʝʩʪʥʳʭ ʢʦʤʧʣʝʢʩʥʳʭ ʘʤʧʣʠʪʫʜ ὥ ʠ Ὅ ʧʦʣʫʯʠʤ 

ὥ
ὄὰὟ

ὤὮ‫ὡ Ὦ‫Ê‫ὄὰ
ȟ   Ὅ

ὡ Ὦ‫Ὗ

ὤὮ‫ὡ Ὦ‫ Ὦ‫ὄὰ
 (4) 

ɼʣʷ ʙʦʣʝʝ ʥʘʛʣʷʜʥʦʡ ʬʠʟʠʯʝʩʢʦʡ ʠʥʪʝʨʧʨʝʪʘʮʠʠ ʧʦʣʫʯʝʥʥʳʭ ʜʘʣʝʝ ʨʝʰʝʥʠʡ ʟʘʧʠʰʝʤ ʵʪʠ 

ʫʨʘʚʥʝʥʠʷ ʚ ʚʠʜʝ: 

ὥ
ὄὰὟ

ὤὮ‫ὡ Ὦ‫
ȟὍ

ὡ Ὦ‫Ὗ

ὤὮ‫ὡ Ὦ‫
 (5) 

ʛʜʝ ὡ Ὦ‫ ὡ Ὦ‫ Ὦ‫ὄὰȾὤὮï ʜʠʥʘʤʠʯʝʩʢʘʷ ʞʝʩʪʢʦʩʪʴ ʧʦʣʥʦʡ ‫ 

ʵʣʝʢʪʨʦʤʝʭʘʥʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ. ɽʝ ʨʘʟʚʝʨʥʫʪʦʝ ʚʳʨʘʞʝʥʠʝ  

ὡ Ὦ‫ ὧ ‫ ά Ὧὒ Ὦ‫ὦ ὯὙ, (6) 

ʛʜʝ ʚʝʣʠʯʠʥʘ Ὧ  ʠʤʝʝʪ ʩʤʳʩʣ ʢʦʵʬʬʠʮʠʝʥʪʘ ʧʨʠʚʝʜʝʥʠʷ ʵʣʝʢʪʨʠʯʝʩʢʠʭ 

ʧʘʨʘʤʝʪʨʦʚ ʢ ʠʭ ʤʝʭʘʥʠʯʝʩʢʠʤ ʘʥʘʣʦʛʘʤ. 

ʈʝʟʦʥʘʥʩ ʩʠʩʪʝʤʳ ʧʨʠ ʝʝ ʧʠʪʘʥʠʠ ʦʪ ʠʩʪʦʯʥʠʢʘ ʥʘʧʨʷʞʝʥʠʷ ʩʦʛʣʘʩʥʦ (6) ʚʦʟʥʠʢʘʝʪ ʧʨʠ 

ὙὩὡ Ὦ‫ π, ʪ. ʝ. ʧʨʠ ʯʘʩʪʦʪʝ ‫ ʦʧʨʝʜʝʣʷʝʤʦʡ ʨʘʚʝʥʩʪʚʦʤ ,‫  

‫ ὧȾά Ὧὒ. (7) 

ʇʦʩʢʦʣʴʢʫ ʢʦʵʬʬʠʮʠʝʥʪ k ʟʘʚʠʩʠʪ ʦʪ ʯʘʩʪʦʪʳ ʩʦʦʪʥʦʰʝʥʠʝ (7) ʷʚʣʷʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ,‫ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʠʩʢʦʤʦʡ ʨʝʟʦʥʘʥʩʥʦʡ ʯʘʩʪʦʪʳ ɺ ʨʝʟʫʣʴʪʘʪʝ ʨʝʰʝʥʠʷ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ .‫ 
ʥʘʭʦʜʠʤ 

‫ ‫ ρ ὄὰȾὒὧ. (8) 

ʂʘʢ ʩʣʝʜʫʝʪ ʠʟ (8), ʧʨʠ ʧʠʪʘʥʠʠ ʦʪ ʠʩʪʦʯʥʠʢʘ ʥʘʧʨʷʞʝʥʠʷ ʨʝʟʦʥʘʥʩʥʘʷ ʯʘʩʪʦʪʘ ʩʠʩʪʝʤʳ 

ʦʢʘʟʳʚʘʝʪʩʷ ʙʦʣʝʝ ʥʠʟʢʦʡ, ʯʝʤ ʧʨʠ ʧʠʪʘʥʠʠ ʦʪ ʠʩʪʦʯʥʠʢʘ ʪʦʢʘ, ʟʘ ʩʯʝʪ ʩʣʦʞʥʦʛʦ ʩʦʯʝʪʘʥʠʷ 
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ʧʘʨʘʤʝʪʨʦʚ ʤʘʛʥʠʪʦʵʣʝʢʪʨʠʯʝʩʢʦʡ ʠ ʤʝʭʘʥʠʯʝʩʢʦʡ ʯʘʩʪʝʡ ʩʠʩʪʝʤʳ. ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ 

ʨʝʟʦʥʘʥʩ ʨʝʘʣʠʟʫʝʪʩʷ ʧʨʠ ὄὰ ὒὧ. ʇʨʠ ὄὰᴼὒὧ ʨʝʟʦʥʘʥʩʥʘʷ ʯʘʩʪʦʪʘ ‫ ᴼπ. 
ʕʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʠʝ ʚʦʟʙʫʜʠʪʝʣʠ ʩ ʙʦʣʴʰʠʤʠ ʟʥʘʯʝʥʠʷʤʠ ὄὰ ὒὧ ʠʩʧʦʣʴʟʫʶʪʩʷ ʚ 
ʚʠʙʨʘʮʠʦʥʥʳʭ ʩʪʝʥʜʘʭ, ʧʦʟʚʦʣʷʷ ʧʦʣʫʯʠʪʴ ʧʨʘʢʪʠʯʝʩʢʠ ʧʦʩʪʦʷʥʥʳʝ ʘʤʧʣʠʪʫʜʳ ʢʦʣʝʙʘʥʠʡ ʚ 

ʜʦʩʪʘʪʦʯʥʦ ʰʠʨʦʢʦʤ ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ. 

ʀʟ ʩʦʦʪʥʦʰʝʥʠʡ (5) ʩ ʫʯʝʪʦʤ ʨʘʚʝʥʩʪʚ (6) ʠ (7) ʥʘʡʜʝʤ ʚʝʣʠʯʠʥʳ ʨʝʟʦʥʘʥʩʥʳʭ ʘʤʧʣʠʪʫʜ 

ʢʦʣʝʙʘʥʠʡ ʠʥʩʪʨʫʤʝʥʪʘ ʠ ʪʦʢʘ ʚ ʮʝʧʠ ʧʠʪʘʥʠʷ ʢʘʪʫʰʝʢ 

ὥ
ὄὰὟ

ὦ‫ὒ Ὑὄὰ
ȟὍ

ὧ ά‫ Ὦὦ‫ Ὗ

ὦ‫ὒ Ὑὄὰ
 (9) 

ʈʘʩʩʤʦʪʨʠʤ ʧʦʚʝʜʝʥʠʝ ʩʠʩʪʝʤʳ ʧʨʠ ʜʚʫʭ ʭʘʨʘʢʪʝʨʥʳʭ ʯʘʩʪʦʪʘʭ. ʇʨʠ ʯʘʩʪʦʪʝ ‫ π ʠʟ 
ʫʨʘʚʥʝʥʠʡ (4) ʩ ʫʯʝʪʦʤ ʧʨʠʥʷʪʳʭ ʦʙʦʟʥʘʯʝʥʠʡ ʥʘʭʦʜʠʤ Ὅ ὟȾὙȟὥ ὄὰὟȾὙὧ, ʯʪʦ ʚʧʦʣʥʝ 
ʦʯʝʚʠʜʥʦ, ʪʘʢ ʢʘʢ ʩʠʩʪʝʤʘ ʥʘʭʦʜʠʪʩʷ ʚ ʩʦʩʪʦʷʥʠʠ ʩʪʘʪʠʯʝʩʢʦʛʦ ʨʘʚʥʦʚʝʩʠʷ. ɺ ʧʨʘʢʪʠʢʝ 

ʵʢʩʧʣʫʘʪʘʮʠʠ ʚʠʙʨʘʮʠʦʥʥʳʭ ʤʘʰʠʥ ʩ ʵʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʠʤ ʚʦʟʙʫʜʠʪʝʣʝʤ ʢʦʣʝʙʘʥʠʡ 

ʟʘʯʘʩʪʫʶ ʚ ʢʘʯʝʩʪʚʝ ʨʘʙʦʯʝʡ ʚʳʙʠʨʘʶʪ ʥʘʩʪʨʦʡʢʫ ʥʘ ʩʦʙʩʪʚʝʥʥʫʶ ʯʘʩʪʦʪʫ ‫ ‫ ὧȾὓ 

ʤʝʭʘʥʠʯʝʩʢʦʡ ʢʦʣʝʙʘʪʝʣʴʥʦʡ ʩʠʩʪʝʤʳ. ɺ ʪʘʢʦʤ ʨʝʞʠʤʝ ʘʤʧʣʠʪʫʜʘ ʢʦʣʝʙʘʥʠʡ ʨʘʙʦʯʝʛʦ 

ʦʨʛʘʥʘ 

ὥ‫
ὄὰὟ

ὒ‫ὦ Ὦ‫ ὄὰ
ȟὍ‫

Ὦ‫ὦὄὰὟ

ὒ‫ὦ Ὦ‫ ὄὰ
  

ʕʪʦʪ ʨʝʞʠʤ ʠʥʪʝʨʝʩʝʥ ʪʝʤ, ʯʪʦ ʘʤʧʣʠʪʫʜʘ ʩʠʣʳ ʪʦʢʘ ʤʠʥʠʤʘʣʴʥʘ ʠ ʧʨʠ ὦO π ʘʤʧʣʠʪʫʜʘ 
ʩʠʣʳ ʪʦʢʘ ὍO π, ʪ.ʝ. ʤʝʭʘʥʠʯʝʩʢʠʝ ʢʦʣʝʙʘʥʠʷ ʧʨʦʠʩʭʦʜʷʪ, ʘ ʪʦʢ ʚ ʢʘʪʫʰʢʘʭ ʦʪʩʫʪʩʪʚʫʝʪ. ʕʪʦ 
ʧʨʦʠʩʭʦʜʠʪ ʧʦʪʦʤʫ, ʯʪʦ ʚ ʵʪʦʤ ʨʝʞʠʤʝ ʧʨʦʪʠʚʦʵʣʝʢʪʨʦʜʚʠʞʫʱʘʷ ʩʠʣʘ, ʚʦʟʥʠʢʘʶʱʘʷ ʚ 

ʧʨʦʚʦʜʥʠʢʝ ʢʘʪʫʰʢʠ, ʦʢʘʟʳʚʘʝʪʩʷ ʨʘʚʥʦʡ ʥʘʧʨʷʞʝʥʠʶ ʧʠʪʘʥʠʷ. ʇʦ ʩʫʪʠ, ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ 

ʤʳ ʠʤʝʝʤ ʜʝʣʦ ʩ ʷʚʣʝʥʠʝʤ ʘʥʪʠʨʝʟʦʥʘʥʩʘ ʚ ʵʣʝʢʪʨʠʯʝʩʢʦʡ ʮʝʧʠ. 

ʅʘ ʨʠʩ. 2 ʧʦʢʘʟʘʥʳ ʘʤʧʣʠʪʫʜʥʦ-ʯʘʩʪʦʪʥʳʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʢʦʣʝʙʘʥʠʡ ʨʘʙʦʯʝʛʦ ʠʥʩʪʨʫʤʝʥʪʘ 

ʧʨʠ ʧʠʪʘʥʠʠ ʩʠʩʪʝʤʳ ʦʪ ʠʩʪʦʯʥʠʢʘ ʪʦʢʘ (ʢʨʠʚʘʷ 1) ʠ ʠʩʪʦʯʥʠʢʘ ʥʘʧʨʷʞʝʥʠʷ ʧʨʠ ὄὰ ὒὧ 
(ʢʨʠʚʘʷ 2) ʠ ʧʨʠ ὄὰ ὒὧ (ʣʠʥʠʷ 3).  

 

 

ʈʠʩ. 2. 

 

ʅʝʣʠʥʝʡʥʘʷ ʪʝʭʥʦʣʦʛʠʯʝʩʢʘʷ ʥʘʛʨʫʟʢʘ. ɺʟʘʠʤʦʜʝʡʩʪʚʠʝ ʨʘʙʦʯʝʛʦ ʦʨʛʘʥʘ ʩ 

ʦʙʨʘʙʘʪʳʚʘʝʤʳʤ ʠʟʜʝʣʠʝʤ ʠʣʠ ʩʨʝʜʦʡ ʩʦʟʜʘʝʪ ʜʦʧʦʣʥʠʪʝʣʴʥʫʶ ʪʝʭʥʦʣʦʛʠʯʝʩʢʫʶ ʥʘʛʨʫʟʢʫ 

ʥʘ ʨʘʙʦʯʠʡ ʦʨʛʘʥ ʤʘʰʠʥʳ. ʂʘʢ ʧʨʘʚʠʣʦ, ʥʘʛʨʫʟʢʫ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʜʝʡʩʪʚʫʶʱʝʡ ʥʘ 

http://www.vntr.ru/


ɺʝʩʪʥʠʢ ʥʘʫʯʥʦ-ʪʝʭʥʠʯʝʩʢʦʛʦ ʨʘʟʚʠʪʠʷ 

www.vntr.ru  ˉ 10 (158), 2020 ʛʦʜ 

 

 
 

 

7 

ʨʘʙʦʯʠʡ ʦʨʛʘʥ ʩʠʣʳ Ὢ Ὢὼȟὼ, ʥʝʣʠʥʝʡʥʦ ʟʘʚʠʩʷʱʝʡ ʦʪ ʢʦʦʨʜʠʥʘʪʳ ὼ ʠ ʩʢʦʨʦʩʪʠ ὼ 
ʨʘʙʦʯʝʛʦ ʦʨʛʘʥʘ. ʋʨʘʚʥʝʥʠʝ ʜʚʠʞʝʥʠʷ ʧʨʠ ʧʠʪʘʥʠʠ ʦʪ ʠʩʪʦʯʥʠʢʘ ʪʦʢʘ ʧʦ ʘʥʘʣʦʛʠʠ ʩ (3) 

ʧʨʠʥʠʤʘʝʪ ʚʠʜ  

άὼ ὦὼ ὧὼ ὄὰὍὩ Ὢὼȟὼ. (10) 

ʆʪʳʩʢʠʚʘʷ ʧʨʠʙʣʠʞʝʥʥʦʝ ʛʘʨʤʦʥʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ ʥʝʣʠʥʝʡʥʦʛʦ ʫʨʘʚʥʝʥʠʷ (10), ʧʨʦʚʝʜʝʤ 

ʛʘʨʤʦʥʠʯʝʩʢʫʶ ʣʠʥʝʘʨʠʟʘʮʠʶ [6] ʬʫʥʢʮʠʠ Ὢ Ὢὼȟὼ 

Ὢὼȟὼ ὖὥ ὧὥὼ ὦὥὼ, (11) 

ʛʜʝ ὖὥ ï ʧʦʩʪʦʷʥʥʘʷ ʩʦʩʪʘʚʣʷʶʱʘʷ ʪʝʭʥʦʣʦʛʠʯʝʩʢʦʡ ʥʘʛʨʫʟʢʠ; ὧὥȟὦὥ ï 

ʢʦʵʬʬʠʮʠʝʥʪʳ ʛʘʨʤʦʥʠʯʝʩʢʦʡ ʣʠʥʝʘʨʠʟʘʮʠʠ, ʚʳʯʠʩʣʷʝʤʳʝ ʧʦ ʬʦʨʤʫʣʘʤ  

ὖὥ
ρ

Ὕ
ὪὼȟὼὨὸȟ 

ὧὥ ᷿Ὢὼȟὼὧέί‫ὸὨὸȟ ὦὥ ᷿ὪὼȟὼίὭὲ‫ὸὨὸȟ 

(12) 

ʛʜʝ Ὕ ς“Ⱦ.ï ʧʝʨʠʦʜ ʢʦʣʝʙʘʥʠʡ ‫  

ʇʦʩʢʦʣʴʢʫ ʚʩʷ ʩʠʩʪʝʤʘ ʧʦʜʞʠʤʘʝʪʩʷ ʢ ʦʙʨʘʙʘʪʳʚʘʝʤʦʡ ʩʨʝʜʝ ʧʦʩʪʦʷʥʥʦʡ ʩʠʣʦʡ P (ʨʠʩ.1), 

ʦʯʝʚʠʜʥʦ, ʯʪʦ ʧʦʩʪʦʷʥʥʘʷ ʩʦʩʪʘʚʣʷʶʱʘʷ ʥʝʣʠʥʝʡʥʦʡ ʥʘʛʨʫʟʢʠ Pl = P, ʘ ʫʨʘʚʥʝʥʠʝ ʢʦʣʝʙʘʥʠʡ 

(10) ʩ ʫʯʝʪʦʤ (11) ʧʨʠʥʠʤʘʝʪ ʚʠʜ 

άὼ ὦ ὦὼ ὧ ʩὼ ὄὰὍὩ . (13) 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦʣʫʯʝʥʦ ʣʠʥʝʡʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʟʘʚʠʩʷʪ ʦʪ 

ʥʝʠʟʚʝʩʪʥʦʡ ʘʤʧʣʠʪʫʜʳ. ʈʝʰʘʷ ʫʨʘʚʥʝʥʠʝ (13), ʧʦʣʫʯʘʝʤ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʢʦʤʧʣʝʢʩʥʦʡ 

ʘʤʧʣʠʪʫʜʳ 

ὥ
ὄὰὍ

ὧ ʩ ά‫ Ὦ‫ὦ ὦ
 (14) 

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʨʘʩʩʤʦʪʨʠʤ ʨʘʙʦʪʫ ʩʠʩʪʝʤʳ, ʧʨʝʜʥʘʟʥʘʯʝʥʥʦʡ ʜʣʷ ʚʥʝʜʨʝʥʠʷ 

ʠʥʩʪʨʫʤʝʥʪʘ ʚ ʭʨʫʧʢʫʶ ʩʨʝʜʫ. ʇʨʠʤʝʤ, ʯʪʦ ʨʘʙʦʯʠʡ ʧʨʦʮʝʩʩ ʦʧʠʩʳʚʘʝʪʩʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʦʡ 

ʞʝʩʪʢʦʧʣʘʩʪʠʯʝʩʢʦʛʦ ʤʘʪʝʨʠʘʣʘ [7] 

Ὢὼ Ὀ–ὼ ῳ ρ ίὭὫὲὼ, (15) 

ʛʜʝ D ï ʩʠʣʘ, ʧʨʠ ʢʦʪʦʨʦʡ ʧʨʦʠʩʭʦʜʠʪ ʥʝʦʙʨʘʪʠʤʘʷ ʜʝʬʦʨʤʘʮʠʷ ʠʣʠ ʨʘʟʨʫʰʝʥʠʝ ʤʘʪʝʨʠʘʣʘ; 

–ὼ ï ʬʫʥʢʮʠʷ ʍʝʚʠʩʘʡʜʘ; ῳ ï ʢʦʦʨʜʠʥʘʪʘ ʠʥʩʪʨʫʤʝʥʪʘ ʚ ʤʦʤʝʥʪ ʥʘʯʘʣʘ ʝʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ 

ʩ ʦʙʨʘʙʘʪʳʚʘʝʤʦʡ ʩʨʝʜʦʡ. ʂʦʵʬʬʠʮʠʝʥʪʳ ʛʘʨʤʦʥʠʯʝʩʢʦʡ ʣʠʥʝʘʨʠʟʘʮʠʠ ʬʫʥʢʮʠʠ (15) ʠʤʝʶʪ 

ʚʠʜ [8] 

ὖὥ
Ὀ

ς“
ὥὶὧὧέί

ῳ

ὥ
ȟ  ὧὥ

Ὀ

“ὥ
ρ

ῳ

ὥ
ȟ  ὦὥ

Ὀ

“ὥ‫
ρ
ῳ

ὥ
Ȣ (16) 

ʋʯʠʪʳʚʘʷ ʨʘʚʝʥʩʪʚʦ ὖὥ ὖȟ
 
ʠʟ ʧʝʨʚʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ ʚ (16) ʥʘʭʦʜʠʤ ὧέί  ʠ ʧʦʩʣʝ 

ʧʦʜʩʪʘʥʦʚʢʠ ʚ (16) ʧʦʣʫʯʘʝʤ 
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̒ὥ
Ὀ

“ὥ
ίὭὲ
ς“ὖ

Ὀ
ȟ ὦὥ

ςὈ

“ὥ‫
ίὭὲ
“ὖ

Ὀ
 (17) 

ʈʘʟʥʦʩʪʴ ὥ ῳ ʦʧʨʝʜʝʣʷʝʪ ʚʝʣʠʯʠʥʫ ʚʥʝʜʨʝʥʠʷ ʠʥʩʪʨʫʤʝʥʪʘ ʚ ʦʙʨʘʙʘʪʳʚʘʝʤʫʶ ʩʨʝʜʫ ʟʘ 

ʦʜʠʥ ʮʠʢʣ ʢʦʣʝʙʘʥʠʡ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʩʨʝʜʥʷʷ ʩʢʦʨʦʩʪʴ ʧʨʦʮʝʩʩʘ ὺ  ʠ ʩ ʧʦʤʦʱʴʶ 

ʧʝʨʚʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ ʚ (16) ʥʘʭʦʜʠʤ  

ὺ
ὥ‫

“
ίὭὲ
“ὖ

Ὀ
 (18) 

ɺ ʨʝʘʣʴʥʳʭ ʧʨʦʮʝʩʩʘʭ ʠ ʤʘʰʠʥʘʭ P<<D. ʇʦʵʪʦʤʫ, ʚʳʨʘʞʝʥʠʷ (17) ʠ (18) ʩ ʚʳʩʦʢʦʡ 

ʪʦʯʥʦʩʪʴʶ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ  

̒ὥ
ς˝

ὥ
ȟὦὥ

ς“ὖ

ὥ‫Ὀ
 ȟὺ “ὥ‫

ὖ

Ὀ
 (19) 

 

ʅʝʣʠʥʝʡʥʘʷ ʜʠʥʘʤʠʢʘ ʤʘʰʠʥʳ. ʇʝʨʝʡʜʝʤ ʢ ʧʦʩʪʨʦʝʥʠʶ ʜʠʥʘʤʠʯʝʩʢʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ 

ʤʘʰʠʥʳ ʚ ʨʘʙʦʯʝʤ ʨʝʞʠʤʝ. ɺʳʰʝ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʚʩʝ ʨʝʰʝʥʠʷ, ʧʦʣʫʯʝʥʥʳʝ ʜʣʷ ʨʝʞʠʤʦʚ 

ʭʦʣʦʩʪʦʛʦ ʭʦʜʘ, ʦʩʪʘʶʪʩʷ ʩʧʨʘʚʝʜʣʠʚʳʤʠ ʧʦʩʣʝ ʟʘʤʝʥʳ ʚʝʣʠʯʠʥ c ʠ b ʥʘ ʚʝʣʠʯʠʥʳ ὧ ̒  ʠ 

ὦ ὦ .  

ʀʩʧʦʣʴʟʫʷ ʚʳʨʘʞʝʥʠʷ (5), (6) (19), ʟʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʘʤʧʣʠʪʫʜʳ ʢʦʣʝʙʘʥʠʡ 

ʠʥʩʪʨʫʤʝʥʪʘ  

ὥ
ὄὰὟ

Ὑ ‫ὒ ὧ
ςʈ
ὥ ‫ ά Ὧὒ ‫ὦ ὯὙ

ς“ὖ
ὥὈ

 

(20) 

ʠ ʣʠʥʠʠ ʧʨʝʜʝʣʴʥʳʭ ʘʤʧʣʠʪʫʜ 

ὥ
ςʈ

ὧρ ‫ Ⱦ‫
ȟ ὥ

ὄὰὟ

Ὑ

ς“ὖ

Ὀ
‫ ὦ  (21) 

ʛʜʝ Ὑ Ὑ ‫ ὒ  ï ʩʦʧʨʦʪʠʚʣʝʥʠʝ ʮʝʧʠ ʧʠʪʘʥʠʷ ʧʨʠ ʯʘʩʪʦʪʝ ‫ ‫ . 

ʀʟ (21) ʩʣʝʜʫʝʪ, ʯʪʦ ʩʢʝʣʝʪʥʘʷ ʢʨʠʚʘʷ ʦʧʨʝʜʝʣʝʥʘ ʚ ʯʘʩʪʦʪʥʦʡ ʦʙʣʘʩʪʠ ‫ ʘ ,‫ 

ʨʝʟʦʥʘʥʩʥʳʝ ʢʦʣʝʙʘʥʠʷ ʤʦʞʥʦ ʨʝʘʣʠʟʦʚʘʪʴ ʧʨʠ ʚʳʧʦʣʥʝʥʠʠ ʫʩʣʦʚʠʷ 

ὄὰὟ
ς“ὖ

Ὀ
Ὑ ‫ ὒ Ȣ (22) 

ʇʨʝʥʝʙʨʝʛʘʷ ʧʦʪʝʨʷʤʠ ʵʥʝʨʛʠʠ ʚ ʤʝʭʘʥʠʯʝʩʢʦʡ (b = 0) ʠ ʵʣʝʢʪʨʠʯʝʩʢʦʡ (R = 0) ʯʘʩʪʷʭ 

ʩʠʩʪʝʤʳ, ʧʨʠʚʝʜʝʤ ʫʨʘʚʥʝʥʠʝ (20) ʢ ʢʚʘʜʨʘʪʥʦʤʫ 

ὧ ‫ ά Ὧὒ ὥ τὖὧ ‫ ά Ὧὒὥ τὖ ρ
“ὖ

Ὀ

ὄὰὟ

ςὖὙ
πȢ 

 

ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ  
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ὥ

ςὖρ
ὄὰὟ
ςὖὙ

“ὖ
Ὀ

ὧρ ‫Ⱦ‫
 

(23) 

ʅʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʨʝʘʣʠʟʘʮʠʠ ʚʠʙʨʦʫʜʘʨʥʦʛʦ ʨʝʞʠʤʘ ʠʤʝʝʪ ʚʠʜ  

ὄὰὟς“ὙὖȾὈȢ (24) 

ʇʨʠ ‫ ‫  ʥʝʨʘʚʝʥʩʪʚʦ (24), ʩʦʚʧʘʜʘʶʱʝʝ ʩ ʫʩʣʦʚʠʝʤ (22) ʨʝʘʣʠʟʘʮʠʠ ʨʝʟʦʥʘʥʩʥʳʭ 

ʢʦʣʝʙʘʥʠʡ, ʦʛʨʘʥʠʯʠʚʘʝʪ ʯʘʩʪʦʪʥʳʡ ʜʠʘʧʘʟʦʥ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʚʠʙʨʦʫʜʘʨʥʳʭ ʧʨʦʮʝʩʩʦʚ ʧʨʠ 

ʟʘʜʘʥʥʦʡ ʩʠʣʝ P  

‫ ‫ ὄὰὟὈȾς“ὒὖ . (25) 

ɿʘʤʝʪʠʤ, ʯʪʦ ʚʠʙʨʦʫʜʘʨʥʳʡ ʧʨʦʮʝʩʩ ʚ ʜʠʘʧʘʟʦʥʝ ‫ ‫  ʚʦʟʤʦʞʝʥ ʧʨʠ 

ὄὰὟςὖὙ ρ . (26) 

ʇʨʠ ʚʳʧʦʣʥʝʥʠʠ (26) ʢʘʞʜʦʡ ʯʘʩʪʦʪʝ ʠʟ ʜʠʘʧʘʟʦʥʘ (25) ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʟʥʘʯʝʥʠʝ 

ʘʤʧʣʠʪʫʜʳ (23) ʢʦʣʝʙʘʥʠʡ. ʆʪʚʝʯʘʶʱʘʷ ʫʩʣʦʚʠʶ (26) ʘʤʧʣʠʪʫʜʥʦ-ʯʘʩʪʦʪʥʘʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ 

ʧʦʢʘʟʘʥʘ ʥʘ ʨʠʩ. 3 (ʣʠʥʠʷ P1). 

ʈʠʩ. 3. 

ʇʨʠ ʥʘʨʫʰʝʥʠʠ ʫʩʣʦʚʠʷ (26) ʚʠʙʨʦʫʜʘʨʥʳʝ ʨʝʞʠʤʳ ʨʝʘʣʠʟʫʶʪʩʷ ʪʦʣʴʢʦ ʚ ʯʘʩʪʦʪʥʦʤ 

ʜʠʘʧʘʟʦʥʝ ‫ ‫ ‫ , ʛʜʝ ʘʤʧʣʠʪʫʜʥʦ-ʯʘʩʪʦʪʥʘʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ (23) ʠʤʝʝʪ ʚʠʜ ʧʝʪʣʠ, 

ʚʝʪʚʠ ʢʦʪʦʨʦʡ ʨʘʟʜʝʣʝʥʥʳʝ ʩʢʝʣʝʪʥʦʡ ʢʨʠʚʦʡ (21). ʅʘ ʨʠʩ. 3 ʧʦʢʘʟʘʥʳ ʘʤʧʣʠʪʫʜʥʦ-

ʯʘʩʪʦʪʥʳʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʧʨʠ ʨʘʟʣʠʯʥʳʭ ʟʥʘʯʝʥʠʷʭ ʩʠʣʳ P. ʊʦʥʢʠʤʠ ʣʠʥʠʷʤʠ ʧʦʢʘʟʘʥʳ 

ʩʢʝʣʝʪʥʳʝ ʢʨʠʚʳʝ 1 ʠ ʣʠʥʠʠ 2 ʧʨʝʜʝʣʴʥʳʭ ʘʤʧʣʠʪʫʜ. ʐʪʨʠʭʦʚʳʤʠ ʣʠʥʠʷʤʠ ʧʦʢʘʟʘʥʳ ʚʝʪʚʠ 

ʥʝʫʩʪʦʡʯʠʚʳʭ ʨʝʞʠʤʦʚ. ʇʦ ʤʝʨʝ ʫʚʝʣʠʯʝʥʠʷ ʩʠʣʳ P3 > P2 > P1 ʯʘʩʪʦʪʥʳʡ ʜʠʘʧʘʟʦʥ 

ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʚʠʙʨʦʫʜʘʨʥʦʛʦ ʨʝʞʠʤʘ ʩʫʞʘʝʪʩʷ ʠ ʚ ʧʨʝʜʝʣʝ ʧʨʠ P = Pm ʩʪʷʛʠʚʘʝʪʩʷ ʚ ʪʦʯʢʫ, 

ʚʳʜʝʣʝʥʥʫʶ ʯʝʨʥʳʤ ʢʨʫʞʢʦʤ. ɻʨʘʬʠʯʝʩʢʠ ʚ ʵʪʦʡ ʪʦʯʢʝ ʧʨʦʠʩʭʦʜʠʪ ʢʘʩʘʥʠʝ ʩʢʝʣʝʪʥʦʡ 

ʢʨʠʚʦʡ ʠ ʣʠʥʠʠ ʧʨʝʜʝʣʴʥʳʭ ʘʤʧʣʠʪʫʜ, ʦʪʚʝʯʘʶʱʝʡ ʧʨʝʜʝʣʴʥʦʤʫ ʟʥʘʯʝʥʠʶ ʩʠʣʳ P.  

ʆʪʤʝʪʠʤ, ʯʪʦ ʧʨʠʚʝʜʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʧʦʟʚʦʣʷʶʪ ʧʨʦʚʝʩʪʠ ʧʦʣʥʳʡ ʨʘʩʯʝʪ ʤʘʰʠʥʳ ʩ 

ʵʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʠʤ ʚʦʟʙʫʜʠʪʝʣʝʤ ʢʦʣʝʙʘʥʠʡ. ʇʦʩʢʦʣʴʢʫ ʨʝʟʦʥʘʥʩʥʳʝ ʨʝʞʠʤʳ ʷʚʣʷʶʪʩʷ 

ʥʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʳʤʠ [9] ʧʨʠ ʨʘʙʦʪʝ ʚʠʙʨʘʮʠʦʥʥʦʡ ʤʘʰʠʥʳ, ʧʦʥʠʤʘʥʠʝ ʧʨʦʠʩʭʦʜʷʱʠʭ 

ʧʨʦʮʝʩʩʦʚ ʧʦʟʚʦʣʷʝʪ ʥʘʡʪʠ ʣʫʯʰʠʝ ʧʫʪʠ ʨʝʘʣʠʟʘʮʠʠ ʵʪʠʭ ʨʝʞʠʤʦʚ.  
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Abstract. This paper deals with split-power transmission systems (or with SPTS, for simplicity).  

SPTS feature two or more paths of power flow. An increased power density is the fundamental 

advantage of SPTS over mechanical systems with a single power path.  It is commonly assumed that 

in SPTS, the input power splits equally among all the power paths (or, more generally, it splits in 

specified proportions among the power paths). Because of the design features of SPTS, 

manufacturing errors, displacements under operating load, heat extension, etc., the input power is 

shared unequally among the power paths. Because of this, the components in some of the power 

paths are overloaded, while other ones are underloaded, or they can be even idle.   As a result, 

efficiency of SPTS drastically goes down. Enhanced accuracy in the machining of the components is 

a straightforward, less-than-economical approach to equalizing the load share in SPTS. The 

problem of equal (or almost) equal load share in SPTS can be solved by means of elastic absorbers 

of manufacturing errors.  Below in this paper, this approach is discussed in detail.  In this research 

SPTS of two kinds are distinguished.  They are symmetrical (~2000), and asymmetrical SPTS 

(~2011).  In symmetrical SPTS equal load share is ensured by means of elastic absorbers of 

manufacturing errors (or means of EAME, for simplicity).  In asymmetrical SPTS, the 

displacements of operating components as a result of asymmetry of SPTS. The unfavorable 

variation of the displacements can also be equalized by means of proper elasticity of the main 

components of SPTS.  A few illustrative examples of application are presented. 

Key words: SPTS (split-power transmission system), Equal load share, Power density, Power path. 
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ɸʥʥʦʪʘʮʠʷ. ɺ ʩʪʘʪʴʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʤʥʦʛʦʧʦʪʦʯʥʳʝ ʤʝʭʘʥʠʯʝʩʢʠʝ ʧʝʨʝʜʘʯʠ (ʠʣʠ, ʜʣʷ 

ʧʨʦʩʪʦʪʳ, ʄʇʄʇ). ʄʇʄʇ ʠʤʝʶʪ ʜʚʘ ʠ ʙʦʣʝʝ ʧʫʪʝʡ (ʧʦʪʦʢʦʚ) ʧʝʨʝʜʘʚʘʝʤʦʡ ʤʦʱʥʦʩʪʠ.  

ʇʦʚʳʰʝʥʥʘʷ ʫʜʝʣʴʥʘʷ ʤʦʱʥʦʩʪʴ ʷʚʣʷʝʪʩʷ ʦʩʥʦʚʥʳʤ ʧʨʝʠʤʫʱʝʩʪʚʦʤ ʄʇʄʇ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ 

ʤʝʭʘʥʠʯʝʩʢʠʤʠ ʩʠʩʪʝʤʘʤʠ ʩ ʦʜʥʠʤ ʧʦʪʦʢʦʤ ʧʝʨʝʜʘʚʘʝʤʦʡ ʤʦʱʥʦʩʪʠ. ʆʙʳʯʥʦ 

ʧʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʚʭʦʜʥʘʷ ʤʦʱʥʦʩʪʴ ʚ ʄʇʄʇ ʨʘʩʧʨʝʜʝʣʷʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʤʝʞʜʫ ʚʩʝʤʠ 

ʧʦʪʦʢʘʤʠ ʤʦʱʥʦʩʪʠ (ʠʣʠ, ʚ ʙʦʣʝʝ ʦʙʱʝʤ ʩʣʫʯʘʝ, ʦʥʘ ʨʘʩʧʨʝʜʝʣʷʝʪʩʷ ʚ ʧʨʝʜʦʧʨʝʜʝʣʝʥʥʳʭ 

ʧʨʦʧʦʨʮʠʷʭ ʤʝʞʜʫ ʧʦʪʦʢʘʤʠ ʤʦʱʥʦʩʪʠ). ʀʟ-ʟʘ ʢʦʥʩʪʨʫʢʪʠʚʥʳʭ ʦʩʦʙʝʥʥʦʩʪʝʡ, 

ʧʨʦʠʟʚʦʜʩʪʚʝʥʥʳʭ ʦʪʢʣʦʥʝʥʠʡ, ʩʤʝʱʝʥʠʡ ʧʨʠ ʨʘʙʦʯʝʡ ʥʘʛʨʫʟʢʝ, ʪʝʧʣʦʚʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʠ 

ʪ.ʜ., ʚʭʦʜʥʘʷ ʤʦʱʥʦʩʪʴ ʨʘʩʧʨʝʜʝʣʷʝʪʩʷ ʤʝʞʜʫ ʧʦʪʦʢʘʤʠ ʤʦʱʥʦʩʪʠ ʥʝʨʘʚʥʦʤʝʨʥʦ. ʀʟ-ʟʘ 

ʵʪʦʛʦ ʢʦʤʧʦʥʝʥʪʳ ʚ ʥʝʢʦʪʦʨʳʭ ʧʦʪʦʢʘʭ ʤʦʱʥʦʩʪʠ ʦʢʘʟʳʚʘʶʪʩʷ ʧʝʨʝʛʨʫʞʝʥʥʳʤʠ, ʪʦʛʜʘ 
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ʢʘʢ ʜʨʫʛʠʝ ʥʝʜʦʛʨʫʞʝʥʳ ʠʣʠ ʜʘʞʝ ʤʦʛʫʪ ʙʳʪʴ ʥʝ ʚʦʚʣʝʯʝʥʳ ʚ ʧʝʨʝʜʘʯʫ ʤʦʱʥʦʩʪʠ. ɺ 

ʨʝʟʫʣʴʪʘʪʝ ʵʬʬʝʢʪʠʚʥʦʩʪʴ ʄʇʄʇ ʨʝʟʢʦ ʧʘʜʘʝʪ. ʇʦʚʳʰʝʥʥʘʷ ʪʦʯʥʦʩʪʴ ʦʙʨʘʙʦʪʢʠ 

ʢʦʤʧʦʥʝʥʪʦʚ ï ʵʪʦ ʧʨʦʩʪʦʡ, ʤʝʥʝʝ ʯʝʤ ʵʢʦʥʦʤʠʯʥʳʡ ʧʦʜʭʦʜ ʢ ʚʳʨʘʚʥʠʚʘʥʠʶ ʜʦʣʠ ʥʘʛʨʫʟʢʠ 

ʚ ʄʇʄʇ. ʇʨʦʙʣʝʤʘ ʚʳʨʘʚʥʠʚʘʥʠʷ (ʠʣʠ ʧʦʯʪʠ ʚʳʨʘʚʥʠʚʘʥʠʷ) ʥʘʛʨʫʟʢʠ ʚ ʄʇʄʇ ʤʦʞʝʪ 

ʙʳʪʴ ʨʝʰʝʥʘ ʩ ʧʦʤʦʱʴʶ ʫʧʨʫʛʠʭ ʧʦʛʣʦʪʠʪʝʣʝʡ ʧʨʦʠʟʚʦʜʩʪʚʝʥʥʳʭ ʦʰʠʙʦʢ. ʅʠʞʝ ʚ ʵʪʦʡ 

ʩʪʘʪʴʝ ʵʪʦʪ ʧʦʜʭʦʜ ʧʦʜʨʦʙʥʦ ʦʙʩʫʞʜʘʝʪʩʷ. ɺ ʵʪʦʤ ʠʩʩʣʝʜʦʚʘʥʠʠ ʨʘʟʣʠʯʘʶʪ ʜʚʘ ʚʠʜʘ 

ʄʇʄʇ. ʄʇʄʇ ʙʳʚʘʶʪ ʩʠʤʤʝʪʨʠʯʥʳʤʠ (~ 2000) ʠ ʘʩʠʤʤʝʪʨʠʯʥʳʤʠ (~ 2011). ɺ 

ʩʠʤʤʝʪʨʠʯʥʳʭ ʄʇʄʇ ʨʘʚʥʦʤʝʨʥʦʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʥʘʛʨʫʟʢʠ ʦʙʝʩʧʝʯʠʚʘʝʪʩʷ ʟʘ ʩʯʝʪ 

ʵʣʘʩʪʠʯʥʳʭ ʧʦʛʣʦʪʠʪʝʣʝʡ ʧʨʦʠʟʚʦʜʩʪʚʝʥʥʳʭ ʧʦʛʨʝʰʥʦʩʪʝʡ (ʠʣʠ ʕʇʇʇ, ʜʣʷ ʧʨʦʩʪʦʪʳ).  ɺ 

ʥʝʩʠʤʤʝʪʨʠʯʥʳʭ ʩʤʝʱʝʥʠʝ ʨʘʙʦʯʠʭ ʢʦʤʧʦʥʝʥʪʦʚ ʠʤʝʝʪ ʤʝʩʪʦ ʚ ʨʝʟʫʣʴʪʘʪʝ 

ʥʝʩʠʤʤʝʪʨʠʯʥʦʩʪʠ ʄʇʄʇ. ʅʝʙʣʘʛʦʧʨʠʷʪʥʦʝ ʠʟʤʝʥʝʥʠʝ ʧʝʨʝʤʝʱʝʥʠʡ ʤʦʞʥʦ ʪʘʢʞʝ 

ʢʦʤʧʝʥʩʠʨʦʚʘʪʴ ʟʘ ʩʯʝʪ ʥʘʜʣʝʞʘʱʝʡ ʵʣʘʩʪʠʯʥʦʩʪʠ ʦʩʥʦʚʥʳʭ ʢʦʤʧʦʥʝʥʪʦʚ.  ʇʨʠʚʝʜʝʥʦ 

ʥʝʩʢʦʣʴʢʦ ʥʘʛʣʷʜʥʳʭ ʧʨʠʤʝʨʦʚ ʧʨʠʤʝʥʝʥʠʷ ʢʘʢ ʩʠʤʤʝʪʨʠʯʥʳʭ ʄʇʄʇ, ʪʘʢ ʠ 

ʥʝʩʠʤʤʝʪʨʠʯʥʳʭ ʄʇʄʇ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʄʇʄʇ (ʤʥʦʛʦʧʦʪʦʯʥʘʷ ʤʝʭʘʥʠʯʝʩʢʘʷ ʧʝʨʝʜʘʯʘ), ʦʜʠʥʘʢʦʚʦʝ 

ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʥʘʛʨʫʟʢʠ, ʧʣʦʪʥʦʩʪʴ ʤʦʱʥʦʩʪʠ, ʧʦʪʦʢ ʤʦʱʥʦʩʪʠ. 

 

 

Introduction.  This paper deals with split-power-transmission-systems (or with SPTS, for 

simplicity).  Transmission systems of this kind feature two or more paths of transmitted power.  An 

increased power density is the fundamental advantage of SPTS over mechanical systems with 

single power path. 

For decades the problem of equal power share among several power flows in SPTS is under 

investigation by mechanical engineering.  Lots of efforts have been undertaken in the past to solve 

this problem.  However, many efforts do not mean many results.  The number of scientific 

publications on the topic is limited.  Planetary reducers, automobile differentials and similar gear 

trains with split power are likely the most investigated examples of SPTS. 

The earlier proposed by Prof. L.N. Reshetov, L.N. approach [5] is focused on application of the so-

called self-aligning mechanisms for the purpose of equal load share in split-power-transmission-

systems.  In order to neutralize an excessive mobility of some components, additional mobility of 

other components of SPTS are added following the approach [5].  In this way ultimate mobility of 

the SPTS equals to one.  This makes SPTS more complex. 

Use of elastic absorbers of manufacturing errors is the key point in the alternative approach of load 

equalizing in SPTS proposed by the Prof. S.P. Radzevich [1].  This approach is focused on 

elimination of excessive mobility of components in SPTS. 

Latest authorôs accomplishments in this field of mechanical engineering are briefly outlined in the 

text immediately below.  The discussion is focused on asymmetrical (Prof. S.P. Radzevich, 2011) 

and on symmetrical (Prof. S.P. Radzevich, 2000) split-power-transmission-systems. 

 

1. Asymmetrical Split-Power-Transmission Systems. A large variety of kinds of split-power-

transmission-systems is used in the nowadays industry.  All SPTS fall into two groups.  

Asymmetrical SPTS comprise the first group, and symmetrical SPTS comprise the second group of 

kinds of split-power-transmission-systems.  The second group of SPTS can be viewed as a reduced 

case of the first one. 

1.1. Principal kinds and structural features of asymmetrical SPTS. In ñasymmetrical split-

power-transmission-systemsò (Prof. S.P. Radzevich, ~2011) the actual values of the principal design 

parameters of SPTS are different in different power flows.  Shown in Fig. 1 split-power-

transmission-system, that is used in the design of automobile seat track, can be viewed as a 

representative example of asymmetrical SPTS.  Because of the evident reasons, the electric motor 

cannot be located at the center of the seat cushion.  Therefore, it is mounted at a side of the seat 
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cushion.  When the electric motor is on, the electric motor spindle rotates a long flex-shaft, and a 

short flex-shaft.  Through two gearboxes, this rotation is transmitted to two screw-and-nut 

kinematic pairs that move the seat back and forth.  The flexible shafts, namely the long one and the 

short one, are of different lengths (and this is inevitable).  Actual lengths of the flex-shafts are the 

principal design parameters of the SPTS.  Because the shafts are of different length, split-power-

transmission-system of this particular design (see Fig. 1) is referred to as ñasymmetrical SPTSò. 

 

When a torque from the electric motor is applied, the flexible shafts are twisted at different twist 

angles.  This is because the flex-shafts are of different lengths.  As a result, mis-phasing in the 

screw-to-nut kinematic pairs causes unfavorable misalignment of the direction of the force that acts 

against the seat, and between the seat track rails.  Ultimately, the traverse of the seat track gets 

skewed, the seat motion back and forth becomes unsmooth, and produces excessive noise.  None of 

these is permissible.  This the first and the main source of inconsistences of operation of the 

asymmetrical SPTS.  Manufacturing errors, displacements of the components under operating load, 

heat extension of the components and so forth comprise the second source of inconsistences of 

operation of the asymmetrical SPTS (to be considered below in relation to symmetrical SPTS). 

The main features of asymmetrical SPTS are, first of all, due to: 

(a) either power being transmitting through every power path, iTRANS, is not of the same value; 

(b) or one (or more) of the principal design parameters /em tL  and/or /t oeL  differ(s) from others; 

(c) or both items (a) and (b) occur at the same time. 

Asymmetrical SPTS of the kind (a) are out the scope of the paper.  The readersô attention here is 

focused just on the analysis of asymmetrical SPTS that feature different principal design 

parameters /em tL  and/or /t oeL . 

Possible structures of asymmetrical SPTS under consideration are illustrated in Fig. 2. 

Fig. 1. Close-up of automobile seat track (representative example of 

asymmetric . 
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First , an asymmetrical SPTS may feature single source of input power [either an engine/motor, 

/E M , or other] and certain number, n , of operating elements (OE ) as it is schematically shown in 

Fig. 2,a.  In this particular case, each operating element, iOE , is powered by that same source of 

power, /E M .  For the purpose of transmitting of power from /E M  to each iOE , a corresponding 

transmission, iTRANS, is used.  The total number of the transmissions, iTRANS, is equal to the 

total number of the operating elements, OE . 

The input power from a single source of power is split onto numerous (n ) paths.  asymmetrical 

SPTS of this kind feature equal power being transmitting through each power path. 

A transmission that splits the input power between the main rotor, and the tail rotor of a helicopter 

is a good example of asymmetrical SPTS of this particular kind. 

Second, an asymmetrical SPTS may feature multiple sources of the input power (n  

engines/motors in total) and a single operating element, OE .  Structure of asymmetrical SPTS of 

this kind is illustrated in Fig. 2,b.  In this second case, the operating element, OE , is powered by 

each engine/motor, / iE M  simultaneously.  For the purpose of transmitting of power from each 

/ iE M  to OE , a corresponding transmission, iTRANS, is employed.  Total number of the 

transmissions is equal to the total number of the sources of input power, / iE M .  Through 

numerous (n ) power paths, input power from all the / iE M  is combined into a single path of 

output power.  Asymmetrical SPTS of this kind feature equal power being transmitting through 

each path of power. 

In a particular case, asymmetrical SPTS may feature a single source of input power (single 

engine/motor, /E M ), and a single operating element, OE , connected to each other by means of 

multiple transmissions, iTRANS.  The structure of asymmetrical SPTS  of this simplified case is 

shown in Fig. 2,c.  Again, asymmetrical SPTS of this kind feature equal power being transmitting 

through each transmission, iTRANS.  An example of asymmetrical SPTS of this particular kind is 

discussed immediately below. 

 

1.2. Automobile seat track as an example of asymmetrical SPTS. Consider the design of an 

automobile seat track as an example of asymmetrical SPTS.  An automobile seat track is a 

convenient example to illustrate possible approaches to ensure equal power share between two 

power flows in asymmetrical SPTS. 

A close-up view of an automobile seat track is shown in Fig. 1.  The seat track is composed of a 

motionless frame and of a horizontal motor bracket attached to the moveable slides.  An electric 

motor is mounted at the top of the horizontal motor bracket.  Both ends of the electric motor 

armature shaft are connected by two flexible shafts to two gear boxes (see Fig. 3).  The transmission 

is attached to the slides.  The flex-shafts are different in length.   
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Fig.2.  Possible kinds of structure of asymmetric SPTS. 
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One of the flex-shafts (the long one) is supported by a sleeve, while another one (the short flex-

shaft) has no sleeve. The difference in length of the flex-shafts results in that the electric motor 

bracket got skewed immediately after the electric motor is turned on.  In addition, stiffness of the 

flex-shafts also depends on direction of their rotation (either clockwise or counterclockwise), which 

is due to the actual direction of winding of wires when producing the flax-shafts. 

In Fig. 3, the sleeve is removed from the long flex-shaft.  Worm gear boxes are used in the design 

of the seat track.  Tooth ratio of the worm gear box is equal to u = 7.5.  Two lead screws are riveted 

to the frame.  External threads of the lead screws and internal threads in the worm of the worm gear 

box match to each other. 

The occupant seat is rigidly connected to the horizontal motor bracket.  When the horizontal motor 

bracket is moving, the occupant seat is moving back and forth as well. 

When voltage is applied to the electric motor, power from the armature shaft is split between two 

ends of it.  Rotation from the electric motor spindle is transmitted through the flexible shafts to two 

worm gear boxes.  Then the reduced rotation of the worm goes to the lead screws.  When the nut 

completes one full turn, then the horizontal motor bracket travels through the distance of 3 mm.  In 

this way the automobile seat is adjusted to a particular occupant. 

The structure of asymmetrical SPTS of the seat track is schematically shown in Fig. 4. 

It is desirable the power is split equally: half of the input power should go to the left-hand gear box, 

and then ï to the worm and to the lead screw.  Another half of the input power goes to the right-

hand gear box, and then ï to the worm and to the lead screw.  If this is ensured, the motor bracket is 

moving steady either straightforward, of backward. 

1.3. Root causes of poor operating of automobile seat track. Several candidates for a potential 

root cause of poor operating of automobile seat track are recognized in the current design of the 

automobile seat track.  Without going into details of consideration of the issue, the research below 

is focused just on one of them, namely, on difference between stiffness of the flexible shafts due to 

difference in length of them. 

Under the operating load the flex-shaft is twisted through a twist angle, j.  The following formula: 

 
T l

J G
j=  (1) 

is commonly used to calculate the actual value of the twist angle, j. 

Fig. 3. Main components of asymmetric . 
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Here, in Eq. (1), is designated: 

T  ï is the applied torque (N*m) 
l  ï is the length of the flex-shaft 
J  ï is the torsion constant for the section 
G  ï is the shear modulus, or, more commonly, the modulus of rigidity and is usually given in 

gigapascals, GPa 

The product GJ  is commonly called the torsional rigidity. 

As it follows from Eq. (1), the longer the flex-shaft, the larger the twist angle, j, and vice versa. 

It is right point to mention here that torsion constant for the section, J , is identical to the polar 

moment of inertia for a round shaft or concentric tube only.  For other shapes J  must be 

determined by other means.  For solid shafts the membrane analogy is useful, and for thin walled 

tubes of arbitrary shape the shear flow approximation is fairly good, if the section is not re-entrant.  

For most of the shapes there is no simple solution, and finite element analysis may be the best 

method. 

When torque of a certain value iT  is applied to the short flex-shaft, the flex-shaft is twisted through 

a corresponding twist angle, sh
ij .  The twist angle, sh

ij , can be calculated from Eq. (1).  The long 

shaft is connected to that same electric motor spindle.  Therefore, when operating, the long shaft is 

twisted through the twist angle 
lg
ij .  Evidently [see Eq. (1)], an inequality 

lg sh
iij j>>  is observed. 

As the twist angles, sh
ij  and 

lg
ij , the motor bracket. 

 

1.4. Possible ways to improve the performance of asymmetrical STPS. In order to ensure high 

performance of the seat track it is necessary to ensure equal twist angles for both the flex-shafts.  

Several potential solutions to the problem under consideration a briefly outlined immediately 

below. 

¶ The diameters of the long flex-shaft and of the short flex-shaft can be specified so as to keep an 

equality of the twist angles, 
lg sh

iij j= : the longer flex-shaft, the larger its diameter and vice versa; 

¶ The flex-shafts can be made up from different materials with different mechanical properties: 

the long flex-shaft is made up of more rigid material, while the short flex-shaft of more flexible 

material; 

Numerous other approaches also allow for equalizing of the twist angles 
sh
ij  and 

lg
ij .  However, 

at this point, the problem of unequal load share among all the power paths because of 

manufacturing errors of the components of symmetrical split-power-transmission-systems are 

composed, is remained unsolved.  This issue is discussed in the section immediately below. 

 

Fig. 4. Structure of asymmetric  of an automobile seat track. 
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2. Symmetrical Split-Power-Transmission Systems. Asymmetrical split-power transmission 

systems comprise another group of SPTS. 

 

2.1. Principal kinds and structural features of symmetric SPTS. In ñsymmetrical split-power-

transmission-systemsò (Prof. S.P. Radzevich, 2000) the actual values of the principal design 

parameters of SPTS are identical in different power flows. 

Symmetrical SPTS of two different kinds are distinguished in this paper. 

 

First , a symmetrical SPTS may feature a single source of input power [either engine/motor (/E M

), or other source of power], and certain number, n , of operating elements (OE ) as it is 

schematically shown in Fig. 5,a.  In this particular case, each operating element, iOE , is powered 

by that same source of power, /E M .  For the purpose of transmitting of power from /E M  to 

every iOE , a corresponding transmission, iTRANS, is employed.  The total number of the 

transmissions is equal to the total number of the operating elements, OE . 

The input power from a single source of power, /E M , is split onto numerous (n ) paths.  

Symmetrical SPTS of this kind feature equal power being transmitting through each path. 

Examples of symmetrical SPTS of this particular kind can be found out in aerospace industry: gear 

transmission for the rotorcraft is a perfect example of symmetrical SPTS having the structure as 

that shown in Fig. 5,a. 

 

Second, a symmetrical SPTS may feature multiple sources of input power [either engines/motors (

n ) engines/motors, or other sources of power] and a single operating element, OE .  The structure 

of symmetrical SPTS of this kind is depicted in Fig. 5,b.  In this second case, the operating 

element, OE , is powered by several engine/motor, / iE M  simultaneously.  A corresponding 

transmission, iTRANS, is employed for the purpose of transmitting of power from each / iE M  to 

OE .  The total number of the transmissions, iTRANS, is equal to the total number of the operating 

elements, OE . 

The input power from all the / iE M  is combined into a common path of power. 

Examples of complex mechanical systems of this particular kind can be found out in design of 

helicopter transmission where two jet engines rotate a single rotor. 

In a particular case, symmetrical SPTS may feature a single engine/motor, /E M , and a single 

operating element, OE , connected to each other by means of multiple transmissions, iTRANS.  The 

structure of a symmetrical SPTS of this simplified case is shown in Fig. 5,c.  A planetary gearbox 

is a good example of symmetrical SPTS of this particular kind. 

It can be assumed that a hypothetical symmetrical SPTS can feature both, multiple sources of input 

power along with multiple operating elements.  Besides no physical restrictions are imposed, 

symmetrical SPTS of this particular kind are out the scope of this paper. 

In particular cases, symmetrical SPTS those illustrated in Fig. 5, may feature a single transmission.  

A possibility of such the simplification is illustrated in Fig. 6.  Here, the structure of a symmetrical 

SPTS in Fig. 6,a corresponds to that shown in Fig. 5,a; the structure of a symmetrical SPTS in 

Fig. 6,b corresponds to that shown in Fig. 5,b; finally, the structure of a symmetrical SPTS in 

Fig. 6,c corresponds to that shown in Fig. 5,c.  It is clear that a totally degenerate case in Fig. 6,c is 

trivial. 
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Fig.5.  Possible kinds of structure of asymmetric SPTS. 
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It is assumed in the above consideration that all the transmissions, iTRANS, are identical (or, at 

least, almost identical) to one another.  In reality, they differ from one another only because of 

manufacturing tolerances for the accuracy of the components the transmissions are composed of. 

It is also assumed here that mechanical, thermal and other properties of all the components of a 

symmetrical SPTS, those in-between the power source(s) and transmission(s), as well as in-

between a transmission and the operating element are identical to one another (however, in reality 

they differ from one another within the tolerance for the accuracy of corresponding dimension).  

The identical mechanical, thermal and other properties ensure identical behavior of each input and 

output shaft for every transmission, iTRANS. 

All the mechanical, thermal and other properties (those encountered in the analysis) of the 

components in-between the power sources and the transmissions are designated as /em tL .  The 

same is valid with respect to the corresponding design parameter /t oeL  for the components of a 

symmetrical SPTS, those in-between the transmissions, iTRANS, and the operating element(s), 

iOE . 

The design parameters /em tL  and /t oeL  are equal to all of the input and output shafts accordingly. 

Manufacturing errors are the root cause poor operation of symmetric SPTS. 

 

2.2. Planetary gearbox as an example of symmetrical SPTS. Planetary gearboxes are extensively 

used in industry; examples are readily found in the automotive, aerospace, and other industries.  (An 

example of a five-pinion planetary gearbox is shown in Fig. 7). 

Planetary gearboxes with multiple planetary pinions enable a substantial reduction in the size and 

weight of the gear drive ï concurrent with the number of pinions in the gearbox ï and only when 

the transmitted load is equally shared among all the planet pinions. 

Epicyclic gear systems have typically been equipped with straddle-mounted planetary pinions with 

pins supported on the input and output sides of the carrier.  The torsional wind-up of the carrier, 

position accuracy of the pins, machining tolerances of the planetary gear system components and 

bearings clearances ï all can contribute to poor load sharing among the planetary pinions, as well as 

misaligned gear contacts in the deflected state.  In the traditional epicyclical gearing system, the 

distance between planetary pinion centerlines is specified by the design to be within a fixed range ï 

it is widely recognized that load sharing is not evenly distributed among planetary gear meshes.  

Further ï stress, too, is distributed invariably at mesh points.  Load sharing and stress distribution at 

each mesh point are heavily influenced by global design configuration; backlash tolerance; 

component design tolerances; manufacturing accuracy; component deflection; and thermal 

distortion. Figure 8 shows in exaggerated form that contact is made at the mesh point .sg pK  of the 

planet pinion before any contact is made at the mesh points of the other planets (assuming ring gear 

makes contact with all pinions at points .sg pK ).  In a rigid system, this condition imposes 

unbalanced loading among the planetary pinions. 

2.3. Elastic absorber of manufacturing errors. Equal (or almost equal) load share among the 

planet pinion can be attained by means of high accuracy of all the components that comprise a 

planetary gearbox.  This way is costly.  Another possible way is to absorb the manufacturing errors 

of reasonable values by means of the so-called ñelastic absorber of manufacturing errorsò (or just ñ

EAMEò, for simplicity). 
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Fig. 6. Examples of simplified structures of complex symmetric mechanical systems. 
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The purpose of the elastic absorbers of manufacturing errors is twofold: 

1. to reduce the required minimum displacement of the planetary pinions 

2. to make SPTS insensitive to manufacturing errors as well as to the displacements of other nature 

Therefore, the following features are inherited to EAME: 

¶  EAME is elastic 

¶ EAME is pre-loaded by a pre-calculated load 

¶ EAME is Mounted between any two components of the gear train where an additional 

degree-of-freedom is required to override the manufacturing errors. 

If EAME is loaded by a pre-calculated value, the actual displacement of the pinions in the 

planetary gearbox (in the SPTS) does not exceed the tolerance for the displacement. 

Consider a planetary gearbox for which the permissible range of variation of load share among the 

planetary pinions is equal to lOR°  (see Fig. 9, upper-left).  The operating range of the deformation 

dOR  of the EAME needs to be the smallest possible; however, it must also be large enough to 

absorb the manufacturing errors, as well as the planetary pinions displacement under operating load.  

The two ranges ï lOR°  and dOR°  ï specify a rectangle. In Fig. 9, a diagonal of this rectangle 

forms an angle y with the horizontal axis.  The desirable stiffness ñcò of the EAME must be 

equal to (or less then): 

                      tanc y¢                                                                           (2) 

Once the stiffness ñcò is determined, a straight line through the origin can then be constructed.  

This line forms that same angle y with the horizontal axis.  The desirable pre-deformation of the 

Fig. 7. Five-pinion planetary gearbox. 
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EAME (see Fig. 9) is specified by point of interception of the constructed straight line and the 

straight line of the nominal (operating) load, opNL .  The pre-deformation, eaPD , of the EAME is 

calculated from the equation: 

 ( ) cotea op lPD NL OR y= - Ö  (3) 

Calculation of the design parameters of the elastic absorber of manufacturing errors is based on two 

parameters, namely, on the lOR°  and on the dOR° . 

 

2.4. Illustrative example of application of EAME. In a two-stage planetary gearbox, the preloaded 

elastic absorber of manufacturing errors can be mounted in between the first-stage planet pinion and 

the second-stage planet pinion1 (see Fig. 10).  It is common practice to hob both the planet pinions 

of the cluster planet pinion.  For this purpose, it is convenient to assemble the cluster planet pinion 

comprising two planet pinions.  However, note that proper phasing of the pieces in relation to one 

another while assembling the cluster planet pinion is critical; mis-phasing errors with planet pinions 

can be catastrophic.  The preloaded elastic absorber of the manufacturing errors is installed between 

the two planet pinions of the cluster planet pinion (see Fig. 10). 

For equal torque share among the planetary pinions, the misphasing jD  must be zero.  As the 

misphasing jD  cannot be eliminated, it must be absorbed.  For this purpose, it is necessary to 

eliminate all the excessive degrees of freedom for one of the planetary pinions in relation to 

another.  The planet pinions can be made self-adjustable by meams of implementation of the 

preloaded elastic absorber of manufacturing errors. An angular displacement, jD , to be absorbed 

by the EAME, can be eliminated, when the linear displacement, lD , is equal to: 

 
180

l r
p

jD =D Ö Ö (4) 

In Eq, (4), the radial location of the EAME is specified by the distance r .  Deformation, lD , of an 

elastic body under load, usually (but not necessarily) relates to the applied load, T , linearly or (at 

least) almost linearly, c TD= Ö (c  is a porportionality factor equal to the rigidity of the preloaded 

elastic absorber). In such a case, the angle f can be calculated from the formula: 

1tan ( )cf -=                                                                            (5) 

In the general case, when constc¸ , the current value of c  is equal to 
( )

d T
c

d l
=
D

. 

The interval of bariation of the applied load should be known for the calculation of the design 

parameter of the EAME. 

It should be stressed here that: Elastic absorbers of manufacturing errors can be used in design of 

split-power-transmission-systems (including, but not limited to planetary gearboxes) of any and all 

kinds, and sizes: of small, medium, as well as of large size. 

Numerous split-power-transmission-systems are designed based on the approach outlined in this 

paper [2], [3], [4], as well, as many others. 

 
1 Radzevich, S.P., Planetary Reducer, Invention disclosure, filed to New Venture Gear, Inc., Patent Office (Syracuse, NY) on October 30, 2001, 

patent pending. 
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Conclusion: The paper deals with complex mechanical transmissions that feature plurality of paths 

of power flow.  Split-power-transmission-systems, or just SPTS (for simplicity) is a common term 

for mechanical transmissions of this kind. 

Two principal kinds of split-power-transmission-systems are distinguished.  They are symmetrical 

and asymmetrical kinds of SPTS (Prof. S.P. Radzevich, ~2000).  Structural analysis of complex 

symmetrical as well as asymmetrical SPTS is performed.  Significant similarities, as well as 

significant differences between SPTS of these two kinds.  It is shown that synchronizing of the 

principal design parameters for all the power paths is the reliable way to improve the performance 

of asymmetrical SPTS (Prof. S.P. Radzevich, 2011). 

A brief overview of known approaches for equal power sharing in planetary gearboxes is presented.  

A novel method for equal power sharing in planetary gearboxes is proposed.  The method is based 

on use of the so-called ñelastic absorbers of manufacturing errorsò, of just EAME, for simplicity.   

An illustrative example of the application of EAME is provided.  Use of the concept of elastic 

absorbers of manufacturing errors allows a significant improvement in power density being 

transmitted through the planetary gearbox.  The elastic absorbers of manufacturing errors can be 

applied in the design of multi-flow gear trains of any type. 

 

Fig. 8. Deviation of the actual position of planet pinion axis of rotation  from its 

desirable position, . 
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Fig. 9. Determination of principal design parameters of elastic absorber of manufacturing 

errors (After Prof. S.P. Radzevich, circa 2000, New Venture Gear, Syracuse, NY). 
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Fig. 10. Example of application of  in the design of cluster planet pinion (as 

proposed by Prof. S.P. Radzevich around 2000, New Venture Gear, Syracuse, NY). 
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