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ɸʥʥʦʪʘʮʠʷ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʜʚʫʤʝʨʥʘʷ ʤʦʜʝʣʴ ʢʦʥʩʦʣʴʥʦ 

ʟʘʢʨʝʧʣʝʥʥʦʡ ʪʨʫʙʳ, ʚʩʘʩʳʚʘʶʱʝʡ ʞʠʜʢʦʩʪʴ. ʇʨʘʢʪʠʯʝʩʢʠʤ ʧʨʠʤʝʨʦʤ ʧʦʜʦʙʥʦʡ 

ʩʠʩʪʝʤʳ ʷʚʣʷʶʪʷ, ʥʘʧʨʠʤʝʨ, ʧʦʛʨʫʞʥʳʝ ʪʨʫʙʳ ʧʣʘʚʫʯʠʭ ʩʠʩʪʝʤ ʜʦʙʳʯʠ ʠ ʩʞʠʞʝʥʠʷ 

ʧʨʠʨʦʜʥʦʛʦ ʛʘʟʘ (FPSO), ʚʩʘʩʳʚʘʶʱʠʭ ʤʦʨʩʢʫʶ ʚʦʜʫ ʜʣʷ ʥʫʞʜ ʦʭʣʘʞʜʝʥʠʷ. ʅʘ ʧʨʘʢʪʠʢʝ 

ʦʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ʪʘʢʠʝ ʪʨʫʙʳ ʷʚʣʷʶʪʩʷ, ʢʘʢ ʧʨʘʚʠʣʦ, ʥʝʫʩʪʦʡʯʠʚʳʤʠ, ʯʪʦ ʧʨʠʚʦʜʠʪ ʢ 

ʜʦʧʦʣʥʠʪʝʣʴʥʳʤ ʮʠʢʣʠʯʝʩʢʠʤ ʥʘʛʨʫʟʢʘʤ, ʧʨʠʚʦʜʷʱʠʤ ʢ ʠʭ ʧʨʝʞʜʝʚʨʝʤʝʥʥʦʤʫ ʚʳʭʦʜʫ ʠʟ 

ʩʪʨʦʷ. ɼʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʦʝ ʢʦʣʠʯʝʩʪʚʦ ʠʩʩʣʝʜʦʚʘʪʝʣʝʡ ʧʳʪʘʣʦʩʴ ʧʦʩʪʨʦʠʪʴ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʤʦʜʝʣʠ, ʘ ʪʘʢʞʝ ʩʤʦʜʝʣʠʨʦʚʘʪʴ ʵʬʬʝʢʪ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦ. ʆʜʥʘʢʦ, 

ʚʩʝ ʵʪʠ ʧʦʧʳʪʢʠ ʙʳʣʠ ʥʝʫʜʘʯʥʳʤʠ. ʇʦʢʘ, ʚ ʢʦʥʮʝ ʧʨʦʰʣʦʛʦ ʜʝʩʷʪʠʣʝʪʠʷ, ʥʝ ʙʳʣ 

ʧʦʩʪʘʚʣʝʥ ʧʝʨʚʳʡ ʫʩʧʝʰʥʳʡ ʵʢʩʧʝʨʠʤʝʥʪ. ʆʜʥʘʢʦ, ʥʘ ʧʨʘʢʪʠʢʝ ʦʢʘʟʘʣʦʩʴ, ʯʪʦ ʜʠʥʘʤʠʢʘ 

ʢʦʥʩʦʣʴʥʦ ʟʘʢʨʝʧʣʝʥʥʦʡ ʪʨʫʙʳ, ʚʩʘʩʳʚʘʶʱʝʡ ʞʠʜʢʦʩʪʴ, ʷʚʣʷʝʪʩʷ ʙʦʣʝʝ ʩʣʦʞʥʦʡ, ʯʝʤ 

ʵʪʦ ʤʦʛʫʪ ʦʧʠʩʘʪʴ ʩʦʚʨʝʤʝʥʥʳʝ ʤʦʜʝʣʠ. ʎʝʣʴʶ ʜʘʥʥʦʡ ʨʘʙʦʪʳ ʷʚʣʷʝʪʩʷ ʧʦʠʩʢ ʤʝʪʦʜʦʚ 

ʠʭ ʫʩʦʚʝʨʰʝʥʩʪʚʦʚʘʥʠʷ ʥʘ ʧʨʠʤʝʨʝ ʜʚʫʤʝʨʥʦʡ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʤʦʜʝʣʠ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʥʩʦʣʴʥʦ ʟʘʢʨʝʧʣʝʥʥʘʷ ʙʘʣʢʘ, ʥʝʫʩʪʦʡʯʠʚʦʩʪʴ, ʧʣʘʚʫʯʠʡ 

ʛʘʟʦʚʦʟ, ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ, ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʞʠʜʢʦʩʪʴ-ʩʪʨʫʢʪʫʨʘ 
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Abstract. This paper outlines a study of a two-dimensional model of cantilevered pipe 

aspirating fluid. A practical example of such a system are the submerged pipes of floating 

production, storage and offloading units (FPSO) aspirating sea water for cooling needs. In 

practice it appears that such pipes are usually unstable, which leads to additional cyclic 

stresses, leading to their premature failure. Quite a number of researchers have tried to build a 

relevant model and to simulate such an effect experimentally. However, all these attempts were 

unsuccessful until the end of the last decade, when a first successful experiment has been 

performed. It has been found out, however, that the dynamics of a cantilevered pipe aspirating 

fluid is more complex than one that current models could predict. The aim of this work is to fill 

this gap by improving the models based on a two-dimensional mathematical model. 

Keywords: cantilevered beam, instability, FPSO, finite difference method, fluid-structure 

interaction 

 

ɺʚʝʜʝʥʠʝ. ɼʘʥʥʘʷ ʨʘʙʦʪʘ ʷʚʣʷʝʪʩʷ ʧʨʦʜʦʣʞʝʥʠʝʤ ʠʩʩʣʝʜʦʚʘʥʠʷ, ʧʨʦʚʝʜʝʥʥʦʛʦ 

ʘʚʪʦʨʦʤ ʥʘ ʦʩʥʦʚʝ ʦʜʥʦʤʝʨʥʦʡ ʤʦʜʝʣʠ ʚʝʨʪʠʢʘʣʴʥʦʡ ʢʦʥʩʦʣʴʥʦ ʟʘʢʨʝʧʣʝʥʥʦʡ ʪʨʫʙʳ, 

ʚʩʘʩʳʚʘʶʱʝʡ ʞʠʜʢʦʩʪʴ [1]. ɹʳʣʦ ʫʩʪʘʥʦʚʣʝʥʦ, ʯʪʦ, ʠʩʧʦʣʴʟʫʷ ʦʙʱʝʧʨʠʥʷʪʳʝ ʪʨʠ ʪʠʧʘ 

ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ, ʥʝʣʴʟʷ ʧʨʝʜʩʢʘʟʘʪʴ ʧʝʨʝʤʝʞʘʝʤʦʩʪʴ ʢʦʣʝʙʘʪʝʣʴʥʳʭ ʨʝʞʠʤʦʚ, ʚ ʪʦ 

ʚʨʝʤʷ, ʢʘʢ, ʠʩʧʦʣʴʟʫʷ ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʳʝ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ, ʧʨʝʜʣʦʞʝʥʥʳʝ ʚ [1] ï 
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ʤʦʞʥʦ. ʇʦʩʢʦʣʴʢʫ ʨʘʩʩʤʦʪʨʝʥʥʘʷ  ʤʦʜʝʣʴ ʷʚʣʷʝʪʩʷ ʦʜʥʦʤʝʨʥʦʡ, ʪʦ ʜʣʷ ʫʪʦʯʥʝʥʠʷ, 

ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʣʠ ʧʝʨʠʦʜʠʯʝʩʢʠʝ ʢʦʣʝʙʘʥʠʷ ʦʜʥʦʤʝʨʥʦʡ ʙʘʣʢʠ ʚʨʘʱʘʪʝʣʴʥʳʤ ʨʝʞʠʤʘʤ, 

ʫʩʪʘʥʦʚʣʝʥʥʳʤ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦ, ʥʝʦʙʭʦʜʠʤʦ ʧʦʚʳʩʠʪʴ ʨʘʟʤʝʨʥʦʩʪʴ ʩʠʩʪʝʤʳ. ʏʪʦ ʠ 

ʩʜʝʣʘʥʦ ʚ ʥʘʩʪʦʷʱʝʡ ʨʘʙʦʪʝ.  

 

ʇʦʩʪʘʥʦʚʢʘ ʟʘʜʘʯʠ. ʈʘʩʩʤʦʪʨʠʤ ʤʦʜʝʣʴ ʦʜʥʦʨʦʜʥʦʡ ʜʚʫʤʝʨʥʦʡ ʢʦʥʩʦʣʴʥʦʡ 

ʪʨʫʙʳ (ʙʘʣʢʠ), ʚʩʘʩʳʚʘʶʱʝʡ ʞʠʜʢʦʩʪʴ ʩ ʥʝʢʦʪʦʨʦʡ ʧʦʩʪʦʷʥʥʦʡ ʩʢʦʨʦʩʪʴʶ. ʊʨʫʙʘ 

ʧʦʣʥʦʩʪʴʶ ʧʦʛʨʫʞʝʥʘ ʚ ʞʠʜʢʦʩʪʴ (ʩʤ. ʨʠʩ. 1). 
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ɿʜʝʩʴ ( ),w z t  ʠ ( ),v z t  ï ʧʦʧʝʨʝʯʥʳʝ ʩʤʝʱʝʥʠʷ ʪʨʫʙʳ, EI  ï ʝʸ ʠʟʛʠʙʥʘʷ ʞʝʩʪʢʦʩʪʴ, 

( ),T z t  ï ʩʠʣʘ ʥʘʪʷʞʝʥʠʷ, , ,f f fm ur  ï ʧʦʛʦʥʥʘʷ ʤʘʩʩʘ, ʧʣʦʪʥʦʩʪʴ ʞʠʜʢʦʩʪʠ ʠ ʩʢʦʨʦʩʪʴ ʝʝ 

ʜʚʠʞʝʥʠʷ, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, oD  ï ʚʥʝʰʥʠʡ ʜʠʘʤʝʪʨ ʪʨʫʙʳ, m ï ʜʠʥʘʤʠʯʝʩʢʘʷ ʚʷʟʢʦʩʪʴ 

ʞʠʜʢʦʩʪʠ, 1A , 2A  ï ʧʦʩʪʦʷʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ, ,r Mr  ï ʧʣʦʪʥʦʩʪʴ ʤʘʪʝʨʠʘʣʘ ʪʨʫʙʳ ʠ ʝʸ 

ʤʘʩʩʘ, ʚʢʣʶʯʘʷ ʧʨʠʩʦʝʜʠʥʝʥʥʫʶ ʤʘʩʩʫ, L  ï ʜʣʠʥʘ ʪʨʫʙʳ, eA , iA  ï ʧʣʦʱʘʜʠ ʧʦʧʝʨʝʯʥʦʛʦ 

ʩʝʯʝʥʠʷ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʚʥʝʰʥʝʤʫ ʠ ʚʥʫʪʨʝʥʥʝʤʫ ʜʠʘʤʝʪʨʘʤ ʪʨʫʙʳ, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, g  

ï ʫʩʢʦʨʝʥʠʝ ʩʚʦʙʦʜʥʦʛʦ ʧʘʜʝʥʠʷ. 

ɻʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʠʤʝʶʪ ʚʠʜ: 

ʥʘ ʟʘʢʨʝʧʣʝʥʥʦʤ ʢʦʥʮʝ ʙʘʣʢʠ (0z= ): 
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ʥʘ ʩʚʦʙʦʜʥʦʤ ʢʦʥʮʝ (z L= ): 
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ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʩʠʩʪʝʤʳ ʠʩʧʦʣʴʟʫʝʪʩʷ ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ 

ʨʘʟʥʦʩʪʝʡ [1]. ɼʣʷ ʥʘʯʘʣʘ ʨʘʩʩʤʦʪʨʠʤ ʚʳʰʝʫʧʦʤʷʥʫʪʳʝ ʪʨʠ ʪʠʧʘ ʦʙʱʝʧʨʠʥʷʪʳʭ 

ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ (3)-(5). 

ɺ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʦʜʥʦʛʦ ʠʟ ʪʨʝʭ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ʙʘʣʢʘ ʣʠʙʦ ʥʘʭʦʜʠʪʩʷ ʚ 

ʨʝʞʠʤʝ ʢʚʘʟʠʧʝʨʠʦʜʠʯʝʩʢʠʭ ʚʨʘʱʝʥʠʡ (ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ˉ1, (3), ʩʤ. ʨʠʩ. 2), ʣʠʙʦ 

ʷʚʣʷʝʪʩʷ ʫʩʪʦʡʯʠʚʦʡ (ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ˉ2 (4), ʩʤ. ʨʠʩ. 3), ʥʘʭʦʜʠʪʩʷ ʚ ʨʝʞʠʤʝ 

ʧʝʨʠʦʜʠʯʝʩʢʠʭ ʚʨʘʱʝʥʠʡ (ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ˉ3 (5), ʩʤ. ʨʠʩ. 5). 

 
(a) (ʙ) 

ʈʠʩ. 2. ʂʦʣʝʙʘʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ʚ ʩʣʫʯʘʝ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ˉ1: (a) ʚʨʝʤʝʥʥʘʷ 

ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʦʛʦ ʩʤʝʱʝʥʠʷ ( ),w N t , (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ 

 
(a) (ʙ) 

ʈʠʩ. 3. ʂʦʣʝʙʘʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ʚ ʩʣʫʯʘʝ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ˉ2: (a) ʚʨʝʤʝʥʥʘʷ 

ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʦʛʦ ʩʤʝʱʝʥʠʷ ( ),w N t , (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ 

                                         
(a)                                                                          (ʙ) 

ʈʠʩ. 4. ʂʦʣʝʙʘʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ʚ ʩʣʫʯʘʝ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ˉ3: (a) ʚʨʝʤʝʥʥʘʷ 

ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʦʛʦ ʩʤʝʱʝʥʠʷ ( ),w N t , (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ 

ʊʘʢ ʞʝ, ʢʘʢ ʠ ʚ ʩʣʫʯʘʝ ʦʜʥʦʤʝʨʥʦʡ ʤʦʜʝʣʠ, ʫʯʝʪ ʫʛʣʘ ʟʘʢʨʝʧʣʝʥʠʷ a ʧʨʠʚʦʜʠʪ ʣʠʰʴ ʢ 

ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʤʫ ʩʜʚʠʛʫ ʪʨʘʝʢʪʦʨʠʠ ʜʚʠʞʝʥʠʷ ʢʦʥʮʘ ʙʘʣʢʠ (ʩʤ. ʨʠʩ. 5) [1]. 
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(a)   (ʙ) 

ʈʠʩ. 5. ʂʦʣʝʙʘʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ʚ ʩʣʫʯʘʝ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ˉ3 ʜʣʷ 0a=  (ʪʝʤʥʳʝ 

ʣʠʥʠʠ (ʩʥʠʟʫ)) ʠ ʜʣʷ 0.1a=  (ʩʚʝʪʣʳʝ ʣʠʥʠʠ (ʩʚʝʨʭʫ)): (a) ʚʢʣʶʯʘʷ ʧʝʨʝʭʦʜʥʳʡ ʧʨʦʮʝʩʩ, (ʙ) 

ʫʩʪʘʥʦʚʠʚʰʠʡʩʷ ʨʝʞʠʤ 

ʇʦʧʳʪʘʝʤʩʷ ʤʦʜʠʬʠʮʠʨʦʚʘʪʴ ʩʫʱʝʩʪʚʫʶʱʠʝ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʩ ʫʯʝʪʦʤ 

ʩʦʦʙʨʘʞʝʥʠʡ, ʠʟʣʦʞʝʥʥʳʭ ʚ [1], ʘ ʠʤʝʥʥʦ, ʧʦʧʳʪʘʝʤʩʷ ʫʯʝʩʪʴ ʪʦʪ ʬʘʢʪ, ʯʪʦ ʧʦʪʦʢ 

ʚʩʘʩʳʚʘʝʤʦʡ ʞʠʜʢʦʩʪʠ ʜʚʠʞʝʪʩʷ ʩ ʥʝʢʦʪʦʨʦʡ ʚʨʝʤʝʥʥʦʡ ʟʘʜʝʨʞʢʦʡ ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ 

ʙʘʣʢʝ. ʈʘʩʩʤʦʪʨʠʤ ʤʘʷʪʥʠʢ, ʞʝʩʪʢʦ ʩʚʷʟʘʥʥʳʡ ʩ ʢʦʥʮʦʤ ʙʘʣʢʠ (ʨʠʩ. 6). ʅʘʣʠʯʠʝ ʚʷʟʢʦ-

ʫʧʨʫʛʦʡ ʩʚʷʟʠ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʤ ʩʝʨʝʜʠʥʥʦʡ ʣʠʥʠʠ ʙʘʣʢʠ ʦʙʝʩʧʝʯʠʚʘʝʪ 

ʚʨʝʤʝʥʥʫʶ ʟʘʜʝʨʞʢʫ ʢʦʣʝʙʘʥʠʡ ʤʘʩʩʳ ʤʘʷʪʥʠʢʘ ʚ ʜʘʥʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ (ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ 

ʩʚʦʙʦʜʥʦʤʫ ʢʦʥʮʫ ʙʘʣʢʠ).  

 

fu  

  

 

fu  

 

fu  

 
 

ʈʠʩ. 6. ʄʦʜʝʣʴ ʤʘʷʪʥʠʢʘ ʩ ʚʷʟʢʦ-ʫʧʨʫʛʦʡ ʩʚʷʟʴʶ, ʢʦʣʝʙʘʥʠʷ ʢʦʪʦʨʦʛʦ ʠʤʝʶʪ ʚʨʝʤʝʥʥʫʶ ʟʘʜʝʨʞʢʫ 

ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ ʢʦʣʝʙʘʥʠʷʤ ʙʘʣʢʠ 

ɼʣʷ ʧʦʣʫʯʝʥʠʷ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ ʨʘʩʩʤʦʪʨʠʤ ʙʦʣʝʝ ʧʦʜʨʦʙʥʦ ʛʝʦʤʝʪʨʠʶ ʩʠʩʪʝʤʳ (ʨʠʩ. 

7). ɹʘʣʢʘ ʟʘʬʠʢʩʠʨʦʚʘʥʘ ʚ ʪʦʯʢʝ 1O . ABCÏ  ï ʫʛʦʣ ʤʝʞʜʫ ʤʘʷʪʥʠʢʦʤ (ʥʘʧʨʘʚʣʝʥʠʝʤ 

ʜʚʠʞʝʥʠʷ ʞʠʜʢʦʩʪʠ) ʠ ʩʝʨʝʜʠʥʥʦʡ ʣʠʥʠʝʡ ʙʘʣʢʠ. xNw  ʠ 
yNw  ï ʧʦʧʝʨʝʯʥʳʝ ʩʤʝʱʝʥʠʷ 

ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ; 0xw  ʠ 
0yw  ï ʧʦʧʝʨʝʯʥʳʝ ʩʤʝʱʝʥʠʷ ʤʘʩʩʳ ʤʘʷʪʥʠʢʘ. 1AB L=  ï 

ʜʣʠʥʘ ʤʘʷʪʥʠʢʘ. ɺ ʩʠʣʫ ʜʚʫʤʝʨʥʦʩʪʠ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʤʦʜʝʣʠ, ʥʝʦʙʭʦʜʠʤʦ ʦʧʨʝʜʝʣʠʪʴ 

ʫʛʣʳ  SBQa=Ï  ʠ PBKb=Ï  ( BS ʠ BP ï ʧʨʦʝʢʮʠʠ ʦʪʨʝʟʢʘ BA ʥʘ ʧʣʦʩʢʦʩʪʠ ( ),x z  ʠ 

( ),y z , ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ; BQ ʠ BK  ï ʧʨʦʝʢʮʠʠ ʦʪʨʝʟʢʘ BC ʥʘ ʧʣʦʩʢʦʩʪʠ ( ),x z  ʠ ( ),y z , 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ).  
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ʈʠʩ. 7. ɻʝʦʤʝʪʨʠʷ ʩʠʩʪʝʤʳ. 

ʀʩʧʦʣʴʟʫʷ ʥʝʩʣʦʞʥʳʝ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʥʝʪʨʫʜʥʦ ʧʦʣʫʯʠʪʴ 

ʠʩʢʦʤʳʝ ʫʛʣʳ: 
 

 - ʚ ʧʣʦʩʢʦʩʪʠ ( ),z x  
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2
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1 0
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y yN

w wMS
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L w w
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- -

 

( ) ( ) ( )
2 2 2 2 2
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1 0 0
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xN x y yN xN

w x w xQM
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BQ BM QM L w w w w w x
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2 2 2
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1 0

xN x xN
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y yN

w w w
SBQ MBS MBQ

L wL w w

a
-

=Ï =Ï -Ï = -
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                                              (6) 

 - ʚ ʧʣʦʩʢʦʩʪʠ ( ),z y : 

 

( ) ( ) ( )
2 2 2 2 2

2

1 0 0

yN yN

xN x y yN yN

y w y wMK
MBK

BK BM MK L w w w w y w

- -
Ï = = =

+ - - - - + -

 

( )

0

2
2

1 0

y yN

xN x

w wMP
MBP

BP
L w w

-
Ï = =

- -
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( )
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2

1 0

yN y yN

xN
xN x

w w w
PBK MBK MBP

L wL w w

b
-

=Ï =Ï -Ï = -
-- -

                                              (7) 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʧʨʠʥʠʤʘʶʪ ʩʣʝʜʫʶʱʠʡ ʚʠʜ: 
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                                 (8) 

 

ʂʨʦʤʝ ʪʦʛʦ, ʢ ʫʨʘʚʥʝʥʠʷʤ ʜʚʠʞʝʥʠʷ ʙʘʣʢʠ ʜʦʙʘʚʣʷʶʪʩʷ ʫʨʘʚʥʝʥʠʷ ʜʚʠʞʝʥʠʷ ʤʘʩʩʳ 

ʤʘʷʪʥʠʢʘ: 

 

( ) ( )( ) ( )

( ) ( )( ) ( )

2 2
2 2

0 0 0 0 0 0 0 0

2 2
2 2

0 0 0 0 0 0 0 0

str x m x xN nl x xN x xN y yN w x x y

str y m y yN nl y yN x xN y yN w y x y

m w k w w c w w w w w w c w w w

m w k w w c w w w w w w c w w w

+ - + - - + - + +

+ - + - - + - + +

## # # # # # # # # #

## # # # # # # # # #
     (9) 

 

ɿʜʝʩʴ wc  ï ʚʷʟʢʦʩʪʴ, ʩʚʷʟʘʥʥʘʷ ʩ ʩʦʧʨʦʪʠʚʣʝʥʠʝʤ ʞʠʜʢʦʩʪʠ ʜʚʠʞʝʥʠʶ ʤʘʩʩʳ (viscous 

drag), nlc  ʠ mk  ï ʚʷʟʢʦʩʪʴ ʠ ʞʝʩʪʢʦʩʪʴ ʚʷʟʢʦ-ʫʧʨʫʛʦʡ ʩʚʷʟʠ ʤʘʷʪʥʠʢʘ, strm  ï ʤʘʩʩʘ 

ʤʘʷʪʥʠʢʘ.  

ʅʘ ʨʠʩ. 8 ʧʨʝʜʩʪʘʚʣʝʥʳ ʪʨʘʝʢʪʦʨʠʠ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ʠ ʧʣʦʩʢʦʩʪʴ 

( ),a b ʜʣʷ ʩʣʝʜʫʶʱʝʛʦ ʥʘʙʦʨʘ ʧʘʨʘʤʝʪʨʦʚ: 

 

                   (10) 

 

ɿʥʘʯʝʥʠʷ ʧʘʨʘʤʝʪʨʦʚ (10) ʘʥʘʣʦʛʠʯʥʳ ʠʩʧʦʣʴʟʦʚʘʥʥʳʤ ʚ ʩʣʫʯʘʝ ʦʜʥʦʤʝʨʥʦʡ ʤʦʜʝʣʠ [1]. 

ɺʠʜʥʦ, ʯʪʦ ʩ ʪʝʯʝʥʠʝʤ ʚʨʝʤʝʥʠ, ʙʘʣʢʘ ʧʝʨʝʭʦʜʠʪ ʚ ʨʝʞʠʤ ʧʝʨʠʦʜʠʯʝʩʢʠʭ ʚʨʘʱʝʥʠʡ. 
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(ʘ)  (ʙ) 

 
(ʚ) 

ʈʠʩ. 8. (a) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ, (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʤʘʩʩʳ, (ʚ) 

ʧʣʦʩʢʦʩʪʴ ( ),a b 

ɼʣʷ ʩʫʱʝʩʪʚʝʥʥʦ ʤʝʥʴʰʠʭ ʟʥʘʯʝʥʠʡ ʚʷʟʢʦ-ʫʧʨʫʛʦʡ ʩʚʷʟʠ (1 0.1q = ) ʨʝʟʫʣʴʪʘʪ ʢʘʯʝʩʪʚʝʥʥʦ 

ʥʝ ʠʟʤʝʥʷʝʪʩʷ, ʩʤ. ʨʠʩ. 9. 

 
ʈʠʩ. 9. ʊʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʝʜʧʦʣʦʞʝʥʠʝ ʦ ʪʦʤ, ʯʪʦ ʧʝʨʝʤʝʞʘʝʤʦʩʪʴ ʜʠʥʘʤʠʯʝʩʢʠʭ ʨʝʞʠʤʦʚ 

ʩʚʷʟʘʥʘ ʩ ʚʘʨʠʘʮʠʝʡ ʫʛʣʘ ʤʝʞʜʫ ʧʦʪʦʢʦʤ ʚʩʘʩʳʚʘʝʤʦʡ ʞʠʜʢʦʩʪʠ ʠ ʩʝʨʝʜʠʥʥʦʡ ʣʠʥʠʝʡ 

ʙʘʣʢʠ ʥʝ ʦʧʨʘʚʜʘʣʦʩʴ. ʆʜʥʘʢʦ ʧʨʝʞʜʝ ʯʝʤ ʜʝʣʘʪʴ ʦʢʦʥʯʘʪʝʣʴʥʳʡ ʚʳʚʦʜ, ʨʘʩʩʤʦʪʨʠʤ 

ʜʨʫʛʫʶ, ʙʦʣʝʝ ʧʨʦʩʪʫʶ ʤʦʜʝʣʴ, ʚ ʢʦʪʦʨʦʡ ʚʚʝʜʝʤ ʚʨʝʤʝʥʥʫʶ ʟʘʜʝʨʞʢʫ ʤʝʞʜʫ 

ʚʳʰʝʫʢʘʟʘʥʥʳʤʠ ʫʛʣʘʤʠ. ɼʣʷ ʧʨʦʩʪʦʪʳ, ʨʘʩʩʤʦʪʨʠʤ ʦʜʥʦʤʝʨʥʫʶ ʤʦʜʝʣʴ, ʫʨʘʚʥʝʥʠʷ 

ʜʚʠʞʝʥʠʷ ʢʦʪʦʨʦʡ ʠʤʝʶʪ ʚʠʜ 
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ʦʜʠʥʘʢʦʚ ʜʣʷ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʠ ʚʨʝʤʝʥʥʦʡ ʧʨʦʠʟʚʦʜʥʳʭ. ʀʩʧʦʣʴʟʫʷ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ 

ʃʘʧʣʘʩʘ ʚʠʜʘ  
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ʠ, ʧʨʠʤʝʥʷʷ ʝʛʦ ʢ ʫʨʘʚʥʝʥʠʷʤ (11),(12), ʧʦʣʫʯʠʤ 
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ʅʘʰʘ ʮʝʣʴ ï ʚʳʷʩʥʠʪʴ, ʚʣʠʷʝʪ ʣʠ ʧʘʨʘʤʝʪʨ t ʥʘ ʫʩʪʦʡʯʠʚʦʩʪʴ ʩʠʩʪʝʤʳ. ɺ ʥʘʰʝʤ 

ʩʣʫʯʘʝ ʥʝʫʩʪʦʡʯʠʚʦʩʪʴ ʠʤʝʝʪ ʤʝʩʪʦ, ʝʩʣʠ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʡ ʢʦʨʝʥʴ s iw=- ʠʤʝʝʪ 

ʦʪʨʠʮʘʪʝʣʴʥʫʶ ʜʝʡʩʪʚʠʪʝʣʴʥʫʶ ʯʘʩʪʴ (w ʠʤʝʝʪ ʦʪʨʠʮʘʪʝʣʴʥʫʶ ʤʥʠʤʫʶ ʯʘʩʪʴ). ʕʪʦ 

ʤʦʞʝʪ ʙʳʪʴ ʩʜʝʣʘʥʦ ʩ ʧʦʤʦʱʴʶ ʜʠʘʛʨʘʤʤ ɸʨʛʘʥʜʘ [4]. ɼʘʥʥʳʝ ʜʠʘʛʨʘʤʤʳ ʜʣʷ ʧʝʨʚʳʭ 

ʪʨʝʭ ʩʦʙʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʙʘʣʢʠ ʧʨʝʜʩʪʘʚʣʝʥʳ ʥʘ ʨʠʩ. 10. ʊʨʠ ʧʘʨʘʤʝʪʨʘ m, fu , ʠ t ʙʳʣʠ 

ʧʨʦʚʘʨʴʠʨʦʚʘʥʳ, ʢʘʢ ʵʪʦ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩʫʥʢʝ, ʚ ʪʦ ʚʨʝʤʷ ʢʘʢ ʦʩʪʘʣʴʥʳʝ ʧʘʨʘʤʝʪʨʳ ʠʤʝʣʠ 

ʟʥʘʯʝʥʠʷ ʠʟ ʥʘʙʦʨʘ (8). ɺʠʜʥʦ, ʯʪʦ ʙʘʣʢʘ ʩʪʘʥʦʚʠʪʩʷ ʥʝʫʩʪʦʡʯʠʚʦʡ, ʢʘʢ ʪʦʣʴʢʦ ʩʢʦʨʦʩʪʴ 

ʞʠʜʢʦʩʪʠ fu  ʜʦʩʪʠʛʘʝʪ ʥʝʢʦʪʦʨʦʡ ʢʨʠʪʠʯʝʩʢʦʡ ʚʝʣʠʯʠʥʳ. ɺ ʪʦ ʞʝ ʩʘʤʦʝ ʚʨʝʤʷ, ʚʘʨʠʘʮʠʷ 

ʧʘʨʘʤʝʪʨʘ t ʥʝ ʧʨʠʚʦʜʠʪ ʢ ʩʤʝʥʝ ʟʥʘʢʘ ()Im w, ʪ.ʝ. ʢʘʯʝʩʪʚʝʥʥʦ ʥʝ ʚʣʠʷʝʪ ʥʘ ʜʠʥʘʤʠʢʫ 

ʩʠʩʪʝʤʳ.  

ɺʝʨʥʝʤʩʷ ʢ ʩʣʫʯʘʶ, ʢʦʛʜʘ ʚʥʝʰʥʝʝ ʚʦʟʤʫʱʝʥʠʝ ʚʭʦʜʠʪ ʚ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ 

ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦ, ʢʘʢ ʚ (9). ʂʦʥʝʯʥʦ, ʜʘʥʥʳʡ ʧʦʜʭʦʜ ʤʦʞʥʦ ʢʨʠʪʠʢʦʚʘʪʴ. ɺʦ-ʧʝʨʚʳʭ, 

ʥʘʣʠʯʠʝ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʩʠʣʳ, ʟʘʚʠʩʷʱʝʡ ʦʪ ʚʨʝʤʝʥʠ, ʜʝʣʘʝʪ ʵʬʬʝʢʪ, ʧʦʣʫʯʝʥʥʳʡ ʜʣʷ 

ʦʜʥʦʤʝʨʥʦʡ ʤʦʜʝʣʠ ʚʝʩʴʤʘ ʩʭʦʞʠʤ ʩ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤ ʨʝʟʦʥʘʥʩʦʤ. ɺʦ-ʚʪʦʨʳʭ, ʯʘʩʪʦʪʳ 

ʚʦʟʤʫʱʝʥʠʷ ʢʨʘʡʥʝ ʥʠʟʢʠ, ʚ ʪʦ ʚʨʝʤʷ ʢʘʢ ʚ ʦʧʠʩʘʥʠʠ ʵʢʩʧʝʨʠʤʝʥʪʘ ʚ [4] ʪʘʢʠʝ ʯʘʩʪʦʪʳ 

ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʥʳ ʥʝ ʙʳʣʠ. ʇʦʵʪʦʤʫ, ʠʥʪʝʨʝʩʥʦ ʧʨʦʚʝʨʠʪʴ, ʩʦʭʨʘʥʠʪʩʷ ʣʠ ʧʦʣʫʯʝʥʥʳʡ 

ʨʝʟʫʣʴʪʘʪ ʜʣʷ ʩʣʫʯʘʷ ʥʝʧʝʨʠʦʜʠʯʝʩʢʦʛʦ ʚʦʟʜʝʡʩʪʚʠʷ ʠ ʢʘʢ ʦʥ ʙʫʜʝʪ ʟʘʚʠʩʝʪʴ ʦʪ ʯʘʩʪʦʪʳ 

ʚʦʟʙʫʞʜʝʥʠʷ. ʈʘʩʩʤʦʪʨʠʤ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʚʠʜʘ: 
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() ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )1 2 3 3 3 3 3 3 31 cos cos 0.1 cos 0.5 cos 0.1 cos 0.33 cos 0.025 cos1.123A t q q q t q t q t q t q t q t q t= + Ö - Ö Ö - Ö Ö Ö  (17) 

 

 

                                                   
 

ʈʠʩ. 10. ɼʠʘʛʨʘʤʤʳ ɸʨʛʘʥʜʘ ʜʣʷ ʧʝʨʚʦʡ, ʚʪʦʨʦʡ ʠ ʪʨʝʪʴʝʡ ʩʦʙʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʙʘʣʢʠ, 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

ɿʜʝʩʴ 1,2,3q  ï ʙʝʟʨʘʟʤʝʨʥʳʝ ʧʘʨʘʤʝʪʨʳ. ʇʨʦʚʝʜʝʤ ʯʠʩʣʝʥʥʳʡ ʵʢʩʧʝʨʠʤʝʥʪ, ʘ ʠʤʝʥʥʦ 

ʨʘʩʩʤʦʪʨʠ ʩʣʝʜʫʶʱʠʝ ʩʣʫʯʘʠ:  

1. 1 2 30.006, 1, 100q q q= = = , ʩʤ. ʨʠʩ 11. 

 
                                      (a)                                                              (ʙ) 
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(ʚ) 

ʈʠʩ. 11. (a) ʚʨʝʤʝʥʥʘʷ ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʳʭ ʩʤʝʱʝʥʠʡ  ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ( ),w N t  

(ʪʝʤʥʳʡ ʮʚʝʪ) ʠ ( ),v N t  (ʩʚʝʪʣʳʡ ʮʚʝʪ), (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ, (ʚ) 

ʚʥʝʰʥʝʝ ʚʦʟʤʫʱʝʥʠʝ (),x yA t  

2. 1 2 30.06, 1, 10q q q= = =, ʩʤ. ʨʠʩ 13. 

 

 

                                                       
(a)                                                             (ʙ) 

 
 (ʚ) 

ʈʠʩ. 12. (a) ʚʨʝʤʝʥʥʘʷ ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʳʭ ʩʤʝʱʝʥʠʡ  ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ( ),w N t  

(ʪʝʤʥʳʡ ʮʚʝʪ) ʠ ( ),v N t  (ʩʚʝʪʣʳʡ ʮʚʝʪ), (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ, (ʚ) 

ʚʥʝʰʥʝʝ ʚʦʟʤʫʱʝʥʠʝ (),x yA t  

 

3. 1 2 30.4, 1, 1q q q= = =, ʩʤ. ʨʠʩ 13. 
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(a)                                                                             (ʙ) 

 
(ʚ) 

ʈʠʩ. 13. (a) ʚʨʝʤʝʥʥʘʷ ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʳʭ ʩʤʝʱʝʥʠʡ  ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ( ),w N t  

(ʪʝʤʥʳʡ ʮʚʝʪ) ʠ ( ),v N t  (ʩʚʝʪʣʳʡ ʮʚʝʪ), (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ, (ʚ) 

ʚʥʝʰʥʝʝ ʚʦʟʤʫʱʝʥʠʝ (),x yA t  

4. 1 2 30.4, 1, 0.1q q q= = = , ʩʤ. ʨʠʩ 14. 

     
                                       (a)                                                           (ʙ) 

 
(ʚ) 

ʈʠʩ. 14. (a) ʚʨʝʤʝʥʥʘʷ ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʳʭ ʩʤʝʱʝʥʠʡ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ( ),w N t  

(ʪʝʤʥʳʡ ʮʚʝʪ) ʠ ( ),v N t  (ʩʚʝʪʣʳʡ ʮʚʝʪ), (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ, (ʚ) 

ʚʥʝʰʥʝʝ ʚʦʟʤʫʱʝʥʠʝ (),x yA t  
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3. 1 2 30.4, 1, 0.01q q q= = = , ʩʤ. ʨʠʩ 15. 

 
                                   (a)                                                                             (ʙ) 

 
(ʚ) 

ʈʠʩ. 15. (a) ʚʨʝʤʝʥʥʘʷ ʟʘʚʠʩʠʤʦʩʪʴ ʧʦʧʝʨʝʯʥʳʭ ʩʤʝʱʝʥʠʡ  ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ ( ),w N t  

(ʪʝʤʥʳʡ ʮʚʝʪ) ʠ ( ),v N t  (ʩʚʝʪʣʳʡ ʮʚʝʪ), (ʙ) ʪʨʘʝʢʪʦʨʠʷ ʜʚʠʞʝʥʠʷ ʩʚʦʙʦʜʥʦʛʦ ʢʦʥʮʘ ʙʘʣʢʠ, (ʚ) 

ʚʥʝʰʥʝʝ ʚʦʟʤʫʱʝʥʠʝ (),x yA t  

ʀʪʘʢ, ʚʦ ʚʩʝʭ ʩʣʫʯʘʷʭ ʢʦʣʝʙʘʥʠʷ ʙʘʣʢʠ ʷʚʣʷʶʪʩʷ ʥʝʨʝʛʫʣʷʨʥʳʤʠ, ʯʪʦ ʚʨʷʜ ʣʠ 

ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʠʥʪʝʨʧʨʝʪʠʨʦʚʘʥʦ ʢʘʢ ʨʝʟʫʣʴʪʘʪ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʨʝʟʦʥʘʥʩʘ, ʢʘʢ ʚ 

ʩʣʫʯʘʝ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ (9). ʇʦʜʦʙʥʳʡ ʢʦʣʝʙʘʪʝʣʴʥʳʡ ʨʝʞʠʤ ʩʦʭʨʘʥʷʝʪʩʷ ʚʥʝ 

ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʚʝʣʠʯʠʥʳ ʦʩʥʦʚʥʦʡ ʯʘʩʪʦʪʳ ʚʦʟʙʫʞʜʝʥʠʷ, ʢʦʪʦʨʘʷ ʙʳʣʘ ʧʨʦʚʘʨʴʠʨʦʚʘʥʘ 

ʥʘ ʥʝʩʢʦʣʴʢʦ ʧʦʨʷʜʢʦʚ (ʦʪ 3 100q =  ʜʦ 3 0.01q = ). ɼʣʷ ʙʦʣʝʝ ʚʳʩʦʢʠʭ ʯʘʩʪʦʪ ʘʤʧʣʠʪʫʜʘ 

ʚʥʝʰʥʝʛʦ ʚʦʟʜʝʡʩʪʚʠʷ 1q  ʩʫʱʝʩʪʚʝʥʥʦ ʤʝʥʴʰʝ, ʯʝʤ ʚ ʩʣʫʯʘʝ ʙʦʣʝʝ ʥʠʟʢʠʭ ʯʘʩʪʦʪ. ɼʣʷ 

ʙʦʣʝʝ ʥʠʟʢʠʭ ʯʘʩʪʦʪ ʢʦʣʝʙʘʥʠʷ ʙʘʣʢʠ ʙʦʣʝʝ çʨʝʛʫʣʷʨʥʳè, ʨʘʩʩʪʦʷʥʠʷ ʤʝʞʜʫ ʩʦʩʝʜʥʠʤʠ 

ʧʠʢʘʤʠ ʩʪʘʥʦʚʷʪʩʷ ʰʠʨʝ, ʠ ʢʦʣʝʙʘʥʠʷ ʤʝʞʜʫ ʧʠʢʘʤʠ ʟʘʪʫʭʘʶʪ ʩʠʣʴʥʝʝ. 

ʇʦʜʳʪʦʞʠʚʘʷ ʚʩʝ ʧʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ, ʥʘʧʨʘʰʠʚʘʝʪʩʷ ʚʳʚʦʜ, ʯʪʦ 

ʧʝʨʝʤʝʞʘʝʤʦʩʪʴ ʜʠʥʘʤʠʯʝʩʢʠʭ ʨʝʞʠʤʦʚ ʤʦʞʝʪ ʙʳʪʴ ʙʦʣʝʝ ʠʣʠ ʤʝʥʝʝ ʨʘʟʫʤʥʦ 

ʧʨʝʜʩʢʘʟʘʥʘ ʪʦʣʴʢʦ ʤʦʜʝʣʴʶ, ʚ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʢʦʪʦʨʦʡ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦ ʚʭʦʜʠʪ 

ʟʘʚʠʩʷʱʘʷ ʦʪ ʚʨʝʤʝʥʠ ʧʝʨʪʫʨʙʘʮʠʷ (ʥʝʘʚʪʦʥʦʤʥʦʩʪʴ). ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʦʩʪʘʝʪʩʷ ʣʠʰʴ 

ʧʦʥʷʪʴ ʧʨʠʯʠʥʫ ʚʦʟʥʠʢʥʦʚʝʥʠʷ ʚʦʟʤʫʱʝʥʠʡ ʧʦʜʦʙʥʦʛʦ ʪʠʧʘ ʠ ʧʦʩʪʨʦʠʪʴ ʙʦʣʝʝ 

ʧʦʜʭʦʜʷʱʫʶ ʤʦʜʝʣʴ ʩ ʪʦʯʢʠ ʟʨʝʥʠʷ ʬʠʟʠʯʝʩʢʦʛʦ ʩʤʳʩʣʘ.  

ʊʘʢ ʯʪʦ ʞʝ ʤʦʞʝʪ ʷʚʣʷʪʴʩʷ ʪʘʢʠʤ ʚʥʝʰʥʠʤ ʠʩʪʦʯʥʠʢʦʤ ʚʦʟʤʫʱʝʥʠʡ? ɺ ʯʘʩʪʥʦʩʪʠ, 

ʠʟʚʝʩʪʥʦ, ʯʪʦ ʚ ʪʨʫʙʝ, ʚʩʘʩʳʚʘʶʱʝʡ ʞʠʜʢʦʩʪʴ ʩ ʚʳʩʦʢʦʡ ʩʢʦʨʦʩʪʴʶ, ʩʫʱʝʩʪʚʫʝʪ ʢʚʘʟʠ-

ʢʦʥʠʯʝʩʢʘʷ ʦʙʣʘʩʪʴ, ʚ ʢʦʪʦʨʦʡ ʪʝʯʝʥʠʝ ʷʚʣʷʝʪʩʷ ʪʫʨʙʫʣʝʥʪʥʳʤ, ʩʤ. ʨʠʩ. 16 ʥʘʟʳʚʘʝʤʘʷ 

çturbulent puffè [2,3]. ʕʪʦ ʠʤʝʝʪ ʤʝʩʪʦ ʥʘ ʚʭʦʜʥʦʤ ʫʯʘʩʪʢʝ (entrance length), ʚ ʢʦʥʮʝ 

ʢʦʪʦʨʦʛʦ ʧʨʦʠʩʭʦʜʠʪ ʩʣʠʷʥʠʝ ʧʦʛʨʘʥʠʯʥʳʭ ʩʣʦʝʚ (ʨʠʩ. 17). ɼʣʠʥʘ ʚʭʦʜʥʦʛʦ ʫʯʘʩʪʢʘ 

(ʧʦʩʣʝ ʢʦʪʦʨʦʛʦ ʠʤʝʝʪ ʤʝʩʪʦ ʫʩʪʘʥʦʚʠʚʰʠʡʩʷ ʧʨʦʬʠʣʴ ʩʢʦʨʦʩʪʝʡ ʧʦʪʦʢʘ) ʷʚʣʷʝʪʩʷ 

ʬʫʥʢʮʠʝʡ ʯʠʩʣʘ ʈʝʡʥʦʣʴʜʩʘ. ɼʣʷ ʦʪʨʘʞʝʥʠʷ ʜʘʥʥʦʛʦ ʬʘʢʪʘ ʚ ʥʦʚʦʡ ʤʦʜʠʬʠʢʘʮʠʠ ʤʦʜʝʣʠ, 

ʧʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʩʢʦʨʦʩʪʴ ʞʠʜʢʦʩʪʠ ʚʥʫʪʨʠ ʪʨʫʙʳ fu  ʥʝʧʦʩʪʦʷʥʥʘ, ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ 
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ʧʨʦʩʪʨʘʥʩʪʚʘ ʠ ʚʨʝʤʝʥʠ ʚʠʜʘ () ( )( )1
L z

fu A t e
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m
- -

+ . ɿʜʝʩʴ ()A t  ʠ ʝʩʪʴ ʠʩʢʦʤʘʷ 

ʥʝʘʚʪʦʥʦʤʥʦʩʪʴ ʚʳʟʚʘʥʥʘʷ ʪʫʨʙʫʣʝʥʪʥʦʩʪʴʶ, ʘ m ʠ h ʥʝʢʦʪʦʨʳʝ ʙʝʟʨʘʟʤʝʨʥʳʝ 

ʧʘʨʘʤʝʪʨʳ. ʏʣʝʥ 
( )L z

e
h- -

 (ʩʤ. ʨʠʩ. 18) ʤʦʜʝʣʠʨʫʝʪ ʢʚʘʟʠ-ʢʦʥʠʯʝʩʢʫʶ ʬʦʨʤʫ ʪʫʨʙʫʣʝʥʪʥʦʛʦ 

ʫʯʘʩʪʢʘ (ʩʤ. ʨʠʩ. 17). ʇʦʣʦʞʠʤ, ʯʪʦ ʚʭʦʜʥʦʡ ʫʯʘʩʪʦʢ ʩʦʩʪʘʚʣʷʝʪ ʧʦʨʷʜʢʘ 10% ʦʪ ʜʣʠʥʳ 

ʪʨʫʙʳ.  

 

 
ʈʠʩ. 16. ʌʦʨʤʘ ʧʦʪʦʢʘ ʚ ʪʨʫʙʝ: (a),(b) ʙʣʠʞʝ ʢ ʟʘʙʦʨʥʦʡ ʯʘʩʪʠ, (c) ʥʝʤʥʦʛʦ ʚʚʝʨʭ ʧʦ ʪʝʯʝʥʠʶ, (d) 

ʚʚʝʨʭ ʧʦ ʪʝʯʝʥʠʶ, ʜʘʣʝʢʦ ʦʪ ʟʘʙʦʨʥʦʡ ʯʘʩʪʠ [2] 

 

 
Pʠʩ. 17. ʇʨʦʮʝʩʩ ʫʩʪʘʥʦʚʣʝʥʠʷ ʧʨʦʬʠʣʷ ʩʢʦʨʦʩʪʝʡ ʧʦʪʦʢʘ ʞʠʜʢʦʩʪʠ ʚ ʪʨʫʙʝ [3]. 

 

 


