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Àííîòàöèÿ.

Ðàññìàòðèâàåòñÿ óðàâíåíèå ñèíóñ-Ãîðäîí ñ äîïîëíèòåëüíûìè ÷ëåíàìè, îïèñûâàþ-
ùèìè äèíàìèêó â äëèííîé äæîçåôñîíîâñêîé ëèíèè. Íà ñèñòåìó äåéñòâóåò ïåðè-
îäè÷åñêîå âîçìóùåíèå, ïðåäñòàâëÿþùåå ñîáîé áûñòðî îñöèëëèðóþùóþ ïåðèîäè÷å-
ñêóþ ôóíêöèþ ñ íóëåâûì ñðåäíèì çíà÷åíèåì è áîëüøîé àìïëèòóäîé. Èññëåäóåòñÿ
âîïðîñ î ñóùåñòâîâàíèè ñëîæíûõ âðàùàòåëüíûõ ðåæèìîâ âîçìóùåííîãî óðïâíåíèÿ
ñèíóñ-Ãîðäîí. Äëÿ ïîñòðîåíèÿ óñðåäíåííîé äèíàìèêè ïðèìåíÿåòñÿ êëàññè÷åñêèé ìå-
òîä óñðåäíåíèÿ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñèíóñ-Ãîðäîí, ïåðèîäè÷åñêîå âîçìóùåíèå, ìåòîä
óñðåäíåíèÿ, âðàùàòåëüíûå ðåæèìû, ôóíêöèè Áåñåëÿ.
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of the existence of rotary regimes in periodically
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Abstract

We consider the sine-Gordon equation with additional terms which describe the dynamics
in a long Josephson line in presence ac driven of rapidly varying periodic perturbations.
The problem of the existence of complex rotary regimes of the perturbed sine-Gordon
equation. The method of average is used to construct the averaged dynamics.
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1. Ââåäåíèå

Êàê õîðîøî èçâåñòíî, ýôôåêò áûñòðî èçìåíÿþùèõñÿ âîçìóùåíèé íà äèíàìèêó íåëè-
íåéíûõ ñèñòåì ìîæåò ïðèâåñòè ê ñóùåñòâåííîìó èçìåíåíèþ ïîâåäåíèÿ ñèñòåìû â
ñìûñëå óñðåäíåííîé äèíàìèêè. Â ÷àñòíîñòè, ïðèâåñòè ê ñòàáèëèçàöèè íåêîòîðûõ òè-
ïîâ äèíàìè÷åñêèõ ðåæèìîâ. Ñ íà÷àëà 90-õ ãîäîâ ïðîøëîãî âåêà òàêèå çàäà÷è ñòàëè
èññëåäîâàòüñÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, áëèç-
êèõ ê èíòåãðèðóåìûì. Â ÷àñòíîñòè, áîëüøîå âíèìàíèå óäåëÿëîñü óðàâíåíèþ ñèíóñ-
Ãîðäîí (cì. [2�101. Îñíîâíîé àíàëèòè÷åñêèé ìåòîä èññëåäîâàíèÿ ñîîòâåòñòâóùèõ
çàäà÷ â ðàáîòàõ [2-4] ñîñòîèò â ñëåäóùåì. Ïðèáëèæåííîå ðåøåíèå ñîîòâåòñòâóþùå-
ãî óðàâíåíèÿ èùåòñÿ â âèäå ðÿäà Ôóðüå ñ ìåäëåííî ìåíÿþùèìèñÿ êîýôôèöèåíòàìè.
Ìåòîä ÷àñòî ïðèâîäèò ê ãðîìîçäêèì âû÷èñëåíèÿì è íåÿñíûì ðåçóëüòàòàì. Â ðàáîòàõ
[5�8] óñðåäíåííûå óðàâíåíèÿ ñòðîÿòñÿ ñëåäóþùèì îáðàçîì. Ââîäèòñÿ ãàìèëüòîíèàí
ñèñòåìû è âûïîëíÿåòñÿ íåñêîëüêî êàíîíè÷åñêèõ ïðåîáðàçîâàíèé, êîòîðûå ïîçâîëÿþò
óñòðàíèòü áûñòðî îñöèëëèðóþùèå ñëàãàåìûå èç ãàìèëüòîíèàíà. Â [9�10] äëÿ ïîñòðî-
åíèÿ óñðåäíåííûõ óðàâíåíèé ïðèìåíÿåòñÿ êëàññè÷åñêèé ìåòîä óñðåäíåíèÿ (ñì. [11�
12]). Ââîäèòñÿ ìàëûé ïàðàìåòð ε, ÷òî ïîçâîëÿåò ñäåëàòü ïðåäïîëîæåíèÿ î âåëè÷èíå,
âõîäÿùèõ â óðàâíåíèå ñèíóñ-Ãîðäîí ñëàãàåìûõ.

2. Óñðåäíåííàÿ äèíàìèêà âðàùàòåëüíûõ ðåæèìîâ óðàâíåíèÿ

ñèíóñ-Ãîðäîí â ïðèñóòñòâèè âûíóæäåííîé áûñòðî îñöèëëèðó-

þùåé ïåðèîäè÷åñêîé ñèëû ñ áîëüøîé àìïëèòóäîé

Ðàññìîòðèì óðàâíåíèå ñèíóñ-Ãîðäîí ñ äîïîëíèòåëüíûìè ÷ëåíàìè, îïèñûâàþùèìè
äèíàìèêó â äëèííîé äæîçåôñîíîâñêîé ëèíèè â íîðìàëèçîâàííîé ôîðìå (ñì. [1]) ïðè
äåéñòâèè áûñòðîîñöèëëèðóþùåãî ïåðèîäè÷åñêîãî âîçìóùåíèÿ ñ áîëüøîé àìïëèòó-
äîé

utt − uxx + sin u = −αut + βuxxt + η +Kf(t). (1)

Çäåñü ñëàãàåìîå αut ïîÿâëÿåòñÿ èç-çà òóííåëèðîâàíèÿ êâàçè÷àñòèö. âòîðîå ñëàãàå-
ìîå βuxxt ïîÿâëÿåòñÿ èç-çà ïîàåðõíîñòíîãî ñîïðîòèâëåíèÿ ñâåðõïðîâîäíèêà. Ïîñòî-
ÿííàÿ η ïðåäñòàâëÿåò ñîáîé íîðìàëèçîâàííóþ ïëîòíîñòü ïîäìàãíè÷èâàþùåãî òîêà.
Îáùèì ñâîéñòâîì ïàðàìåòðîâ α, β, η ÿâëÿåòñÿ èõ äîñòàòî÷íàÿ ìàëîñòü. Äàëåå, f(t)
- ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ áîëüøîé ÷àñòîòîé è íóëåâûì ñðåäíèì çíà÷åíèåì, K -
ïîñòîÿííàÿ.

Ââåäåì ìàëûé ïàðàìåòð ε è ïîëîæèì, ÷òî f(t) = g(t/ε), ãäå g(t)-2π-ïåðèîäè÷åñêàÿ
ôóíêöèÿ. Áóäåì ïðåäïîëàãàòü, êàê è â [4], ÷òî àìïëèòóäà K ðàâíà ïî âåëè÷èíå
êâàäðàòó ÷àñòîòû, ò.å.

K =
M

ε2
,

à M - ïîñòîÿííàÿ. Òåïåðü óðàâíåíèå (1) çàïèøåì â âèäå

utt − uxx + sin u = −εαut + εβuxxt + η +
M

ε2
g

(
t

ε

)
. (2)
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Ìû òàêæå ñ÷èòàåì, ÷òî ñëàãàåìûå αut è βutxx ïðîïîðöèîíàëüíû ìàëîìó ïàðàìåòðó
ε.

Â óðàâíåíèè (2) ñäåëàåì çàìåíó

u = v + ν
t

ε
+G

(
t

ε

)
, (3)

ãäå ν - ïîñòîÿííàÿ, à ôóíêöèÿ G(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

G′′
(
t

ε

)
+ αG′

(
t

ε

)
=

M

ε2
g

(
t

ε

)
.

Ïîëó÷èì óðàâíåíèå

vtt − vxx + εαvt + sin

(
v + ν

t

ε
+G

(
t

ε

))
+ να = εβvxxt + η. (4)

Ïåðåõîä îò óðàâíåíèÿ (3) ê óðàâíåíèþ (4) ïîêàçûâàåò êàê âíåøíÿÿ âîçìóùàþùàÿ
ñèëà âåäåò ê ïàðàìåòðè÷åñêîìó ýôôåêòó ïîäîáíîìó òîìó, êîòîðûé âûçûâàåòñÿ ïà-
ðàìåòðè÷åñêè âîçìóùåííûì óðàâíåíèåì ñèíóñ-Ãîðäîí.

Óðàâíåíèå (4) ìîæíî çàïèñàòü â âèäå

vtt − vxx + εαvt + A

(
t

ϵ

)
sin v +B

(
t

ϵ

)
cos v + να = εβvxxt + η, (5)

ãäå

A

(
t

ε

)
= cos

[
ν
t

ε
+G

(
t

ε

)]
, B

(
t

ε

)
= sin

[
ν
t

ε
+G

(
t

ε

)]
.

Â óðàâíåíèè (5) ñäåëàåì çàìåíó âðåìåíè τ = t/ε. Ïîëó÷èì óðàâíåíèå

vττ − ε2vxx + ε2αvτ + ε2[A(τ) sin v +B(τ) cos v + ε2να = ε2βvxxτ + ε2η. (6)

Îò óðàâíåíèÿ (6) ïåðåéäåì ê ñèñòåìå óðàâíåíèé

vτ = εz,
zτ = εvxx − εαvτ − ε[A(τ) sin v +B(τ) cos v + να] + εβvtxx + εη.

(7)

Ñèñòåìà (7) èìååò ñòàíäàðòíóþ ôîðìó äëÿ ïðèìåíåíèÿ ìåòîäà óñðåäíåíèÿ (ñì. [11�
12]). Óñðåäíåííàÿ ñèñòåìà èìååò âèä

vτ = εz,
zτ = εvxx − εαvτ − ε[⟨A(τ)⟩ sin v + ⟨B(τ)⟩ cos v + να] + ε2βvτxx ∗ εη.

(8)

ãäå ⟨A(τ)⟩, ⟨B(τ)⟩ - ñðåäíèå çíà÷åíèÿ ôóíêöèé A(τ), B(τ) ñîîòâåòñòâåííî.
Îòìåòèì ñëåäóþùåå îáñòîÿòåëüñòâî, îòíîñÿùååñÿ ê ôóíêöèÿì A(τ) è B(τ). Ôóíê-

öèÿ A(τ) èìååò âèä

A(τ) = cos[ντ +Mf(τ)] = cos ντ cosMf(τ)− sin ντ sinMf(τ).
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Åñëè ïåðèîäû T1 = 2π/ν è T2 = 2π/Ω, âõîäÿùèõ â A(τ) ôóíêöèé ñîèçìåðèìû, òî
ôóíêöèÿ A(τ) áóäåò ïåðèîäè÷åñêîé, åñëè æå ïåðèîäû íåñîèçìåðèìû, òî ôóíêöèÿ
A(τ) áóäåò ïî÷òè ïåðèîäè÷åñêîé. Àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî è äëÿ ôóíê-
öèè B(τ).

Óñðåäíåííóþ ñèñòåìó (8) ìîæíî çàïèñàòü â âèäå îäíîãî óðàâíåíèÿ âòîðîãî ïî-
ðÿäêà

vττ − ε2vxx + ε2αvτ + ε2[⟨A(τ)⟩ sin v + ⟨B(τ)⟩ cos v + να] = ε2βvτxx + ε2η.

Â èñõîäíîì âðåìåíè t ïîëó÷èì óðàâíåíèå

vtt − vxx + αvt + [⟨A(τ)⟩ sin v + ⟨B(τ)⟩ cos v + να] = εβvtxx + η = 0, (9)

êîòîðîå è îïðåäåëÿåò óñðåäíåííóþ äèíàìèêó â ðàññìàòðèâàåìîé çàäà÷å.
Â êà÷åñòâå ïðèìåðà âîçüìåì ôóíêöèþ

f(t) = − sinΩt.

Ôóíêöèþ G(t) âû÷èñëÿåì èç óðàâíåíèÿ

G′′ + εαG(t) = −M

ε2
sin

Ωt

ε
.

Ëåãêî âèäåòü, ÷òî

G(t) =
M

Ω2 + α2ε2
sin

Ωt

ε
+

εMαΩ

Ω2 + α2ε2
cos

Ωt

ε
=

M

Ω2 + α2ε2
sin

Ωt

ε
+O(ε).

Òåïåðü íàì íóæíî âû÷èñëèòü ñðåäíèå çíà÷åíèÿ ôóíêöèé

A(τ) = cos ντ cosG(τ)− sin ντ sinG(τ)

è
B(τ) = sin ντ cosG(τ) + cos ντ sinG(τ).

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå èçâåñòíûå ñîîòíîøåíèÿ äëÿ ôóíêöèé Áåññåëÿ (ñì.,
íàïð. [13])

cos(z sin θ) = J0(z) + 2
∑∞

k=1 J2k(z) cos(2kθ),
sin(z sin θ) = 2

∑∞
k=0 J2k+1(z) sin[(2k + 1)θ],

ãäå Jk(z) - ôóíêöèÿ Áåññåëÿ öåëîãî ïîðÿäêà k. Èç íèõ âûòåêàåò, ÷òî

A(τ) = cos ντ

[
J0(Γ) + 2

∞∑
k=1

J2k(Γ) cos 2kΩτ

]
− sin ντ

[
2

∞∑
k=0

J2k+1(Γ) sin(2k + 1)Ω

]
,

B(τ) = sin ντ

[
J0(Γ) + 2

∞∑
k=1

J2k(Γ) cos 2kΩτ

]
+ cos ντ

[
2

∞∑
k=0

J2k+1(Γ) sin(2k + 1)Ωτ

]
,

ãäå

Γ = − M

Ω2 + α2ε2
.
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Åñëè îòíîøåíèå
ν

Ω
= k, (10)

ãäå k - öåëîå ÷èñëî, òî ñðåäíåå çíà÷åíèå ôóíêöèè A(τ) îòëè÷íî îò íóëÿ. Ñðåäíåå
çíà÷åíèå ⟨A(τ)⟩ = J2k(Γ) ïðè ν = 2kΩ è ⟨A(τ)⟩ = −J2k+1(Γ) ïðè ν = (2k + 1)Ω. Åñëè
âûïîëíÿåòñÿ ñîîòíîøåíèå (10), òî ñðåäíåå çíà÷åíèå ôóíêöèè B(τ) ðàâíî íóëþ. Åñëè
ñîîòíîøåíèå (10) íå âûïîëíÿåòñÿ, òî ñðåäíèå çíà÷åíèÿ ôóíêöèé A(τ), B(τ) ðàâíû
íóëþ. Óñðåäíåííîå óðàâåíèå èìååò âèä

vtt − vxx + εαvt + J2k(Γ) sin v + να]− εβvtxx − η = 0, (11)

èëè,
vtt − vxx + εαvt − J2k+1(Γ) sin v + να]− εβvtxx − η = 0. (12)

Åñëè â óðàâíåíèè (1) îòáðîñèòü ìàëûå ïî âåëè÷èíå ñëàãàåìûå è âîçìóùåíèå, òî
ïîëó÷èì óðàâíåíèå

utt − uxx + sinu = 0,

êèíêè êîòîðîãî îïðåäåëÿþòñÿ ôîðìóëàìè

u(x, t) = 4σ arctg

[
exp

(
x− ct√
1− c2

+ δ

)]
,

ãäå σ = ±. Åñëè îòáðîñèòü ìàëûå ñëàãàåìûå â óðàâíåíèè (11), òî êèíêè ýòîãî óðàâ-
íåíèÿ èìåþò âèä

v(x, t) = 4σ arctg

[
exp

(
x− ct

l0
√
1− c2

+ δ

)]
,

ãäå l0 = [J2k(Γ)]
−1/2.

Â [4] äëÿ ïîñòðîåíèÿ óñðåäíåííûõ óðàâíåíèé â ðàññìàòðèâàåìîé çàäà÷å èñïîëü-
çîâàëîñü ðàçëîæåíèå ðåøåíèÿ â ðÿä Ôóðüå ñ ìåäëåííî ìåíÿþùèìèñÿ ïî âðåìåíè
êîýôôèöèåíòàìè. Óñðåäíåííîå óðàâíåíèå èìååò âèä

vtt − vxx + αvt + Jk(A) sin v + να] + η = 0,

ãäå A(t, x) îïðåäåëÿåòñÿ èç ñëîæíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè.

Îòìåòèì åùå, ÷òî ïðè ν = 0 ìû ïîëó÷àåì óñðåäíåííûå óðàâíåíèÿ ïåðâîãî ïðè-
áëèæåíèÿ ñîâïàäàþùèå ñ óñðåäíåííûìè óðàâíåíèÿìè, ïîëó÷åííûìè â [10] äðóãèì
ìåòîäîì.

Åñëè àìïëèòóäà âíåøíåé ñèëû èìååò ïîðÿäîê 1/ε èëè ÿâëÿåòñÿ ïîñòîÿííîé, òî
íóæíî ïîñòðîèòü óñðåäíåííûå óðàâíåíèÿ âòîðîãî è òðåòüåãî ïðèáëèæåíèé. Äëÿ ýòî-
ãî ëó÷øå ïåðåéòè îò óðàâíåíèÿ (5) ê ýêâèâàëåíòíîé ñèñòåìå óðàâíåíèé. Ñîîòâåòñâó-
þùèé ïåðåõîä îïèñàí â [10].
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