
Êèíêè â ñèëüíî ïåðèîäè÷åñêè âîçìóùåííîì
óðàâíåíèè ñèíóñ-Ãîðäîí

Â.Ø. Áóðä

ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ï.Ã. Äåìèäîâà

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïåðèîäè÷åñêè âîçìóùåííîå óðàâíåíèå ñèíóñ-Ãîðäîí.
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ñ íóëåâûì ñðåäíèì çíà÷åíèåì è áîëüøîé àìïëèòóäîé. Ñòðîèòñÿ óñðåäíåííîå óðàâ-
íåíèå è âûÿñíÿåòñÿ, êîãäà ýòî óðàâíåíèå èìååò â êà÷åñòâå ðåøåíèé êèíêè.
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1. Ââåäåíèå

Êàê èçâåñòíî, äåéñòâèå áûñòðî èçìåíÿþùèõñÿ âîçìóùåíèé ìîæåò ïðèâåñòè ê ñó-
ùåñòâåííîìó èçìåíåíèþ äèíàìèêè íåëèíåéíîé ñèñòåìû. Â ÷àñòíîñòè, âîçìóùåíèå
ìîæåò ñòàáèëèçèðîâàòü íåêîòîðûå òèïû äèíàìè÷åñêèõ ðåæèìîâ. Çíàìåíèòûì ïðè-
ìåðîì òàêîãî òèïà ÿâëÿåòñÿ ñòàáèëèçàöèÿ âåðõíåãî ñîñòîÿíèÿ ðàâíîâåñèÿ ìàÿòíèêà
ñ êîëåáëþùåéñÿ òî÷êîé ïîäâåñà. Â ðàáîòå [1] ïîêàçàíî, ÷òî ïîäîáíûé ýôôåêò ìîæåò
áûòü äîñòèãíóò ïðè äåéñòâèè âíåøíåé ïåðèîäè÷åñêîé ñèëû ñ áîëüøîé àìïëèòóäîé.
àìïëèòóäîé. Â ðàáîòàõ [2,3] ðàññìàòðèâàëñÿ âîïðîñ î âîçíèêíîâåíèè êèíêîâ ïîä äåé-
ñòâèåì ïåðèîäè÷åñêîãî âîçìóùåíèÿ ñ áîëüøîé àìïëèòóäîé â ñèñòåìå ñèíóñ-Ãîðäîí.
Â [4] èññëåäóåòñÿ äèíàìèêà êèíêîâ óðàâíåíèÿ ñèíóñ-Ãîðäîí â ïðèñóòñòâèè áûñòðî
èçìåíÿþùèõñÿ âîçìóùåíèé. Â ÷àñòíîñòè, ïðåäïîëàãàåòñÿ, ÷òî ïåðèîäè÷åñêàÿ âíåø-
íÿÿ ñèëà èìååò áîëüøóþ ÷àñòîòó ω è àìïëèòóäó ïðîïîðöèîíàëüíóþ ω2. Ïðèáëèæåí-
íîå ðåøåíèå èùåòñÿ â âèäå ðÿäà Ôóðüå ñ ìåäëåííî ìåíÿþùèìèñÿ êîýôôèöèåíòàìè.
Àâòîðàì óäàëîñü ïîñòðîèòü óñðåäíåííîå óðàâíåíèå ïåðâîãî ïðèáëèæåíèÿ â ñëó÷àå
ñïåöèàëüíîãî âîçìóùåíèÿ. Â [5] äèíàìèêà êèíêîâ èçó÷àëàñü ïðè äåéñòâèè ïåðèîäè-
÷åñêîé âíåøíåé ñèëû ñ áîëüøîé ÷àñòîòîé è ïîñòîÿííîé àìïëèòóäîé. Èñõîäíàÿ ñè-
ñòåìà çàïèñûâàëàñü â ãàìèëüòîíîâîé ôîðìå è ìåòîä êàíîíè÷åñêèõ ïðåîáðàçîâàíèé
ïðèìåíÿåòñÿ, ÷òîáû ïîëó÷èòü óñðåäíåííûå óðàâíåíèÿ.

Â íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî âûíóæäåííàÿ ïåðèîäè÷åñêàÿ ñèëà ÿâëÿ-
åòñÿ áûñòðî îñöèëëèðóùåé ñ áîëüøîé àìïëèòóäîé. Ââîäèòñÿ ìàëûé ïàðàìåòð ε è äå-
ëàþòñÿ òî÷íûå ïðåäïîëîæåíèÿ îá àñèìïòîòèêå àìïëèòóäû è ÷àñòîòû âíåøíåé ñèëû.
Äëÿ ïîñòðîåíèÿ óñðåäíåííûõ óðàâíåíèé èñïîëüçóåòñÿ êëàññè÷åñêèé ìåòîä óñðåäíå-
íèÿ [6,7]. Èññëåäóåìàÿ ñèñòåìà çàïèñûâàåòñÿ â ãàìèëüòîíîé ôîðìå àíàëîãè÷íîé òîé,
êîòîðàÿ èñïîëüçîâàëàñü ïðè èñëåäîâàíèé äâèæåíèé ìàÿòíèêà ñ âèáðèðóþùåé òî÷êîé
ïîäâåñà (ñì.[7], ãë. 11). Ñíà÷àëà ðàññìàòðèâàåòñÿ âîçìóùåííîå óðàâíåíèå ìàÿòíèêà.
Ïîëó÷åííûå çäåñü ðåçóëüòàòû, ïîâèäèìëìó, ðàíåå íå îòìå÷àëèñü. Çàòåì ñîîòâåòñòâó-
þùàÿ çàäà÷à èññëåäóåòñÿ äëÿ óðàâíåíèÿ ñèíóñ-Ãîðäîí.
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2. Ìàÿòíèê â ïðèñóòñòâèè âûíóæäåííîé áûñòðî îñöèëëèðóþ-

ùåé ïåðèîäè÷åñêîé ñèëû ñ áîëüøîé àìïëèòóäîé

Íà÷íåì ñ óðàâíåíèÿ ïðîñòîãî ìàÿòíèêà ñ áûñòðî îñöèëëèðóþùèì ïåðèîäè÷åñêèì
âîçìóùåíèåì áîëüøîé àìïëèòóäû. Óðàâíåíèå èìååò âèä

x′′ + sin x =
M

ε2
f

(
t

ε

)
, (1)

ãäå ε - ìàëûé ïàðàìåòð, f(t) - ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ ïåðèîäîì 2π,M - ïîñòîÿííàÿ.
Â óðàâíåíèè (1) ñäåëàåì çàìåíó

x = y +MF

(
t

ε

)
, (2)

ãäå F ′′(t) = f(t). Ïîñëå çàìåíû óðàâíåíèå (1) ïðèíèìàåò âèä

y′′ + sin

[
y +MF

(
t

ε

)]
= 0.

Ïîñëåäíåå óðàâíåíèå ìîæíî çàïèñàòü â âèäå

y′′ + A

(
t

ε

)
sin y +B

(
t

ε

)
cos y = 0, (3)

ãäå

A

(
t

ε

)
= cos

(
MF

(
t

ε

))
, B

(
t

ε

)
= sin

(
MF

(
t

ε

))
.

Ââåäåì íåêîòîðûå äîïîëíèòåëüíûé îáîçíà÷åíèÿ. ×åðåç ⟨g(t)⟩ îáîçíà÷èì ñðåäíåå çíà-
÷åíèå ïåðèîäè÷åñêîé ôóíêöèè g(t). Äàëåå, ÷åðåç A−1(t), è B−1(t) îáîçíà÷èì ïåðèîäè-
÷åñêèå ôóíêöèè ñ íóëåâûì ñðåäíèì çíà÷åíèåì, ïðîèçâîäíûå êîòîðûõ óäîâëåòâîðÿþò
ðàâåíñòâàì A′

−1(t) = A(t)− ⟨A(t)⟩ è B′
−1(t) = B(t)− ⟨B(t)⟩ ñîîòâåòñòâåííî.

Óðàâíåíèå (3) ïîõîæå íà óðàâíåíèå äâèæåíèÿ ìàÿòíèêà, òî÷êà ïîäâåñà êîòîðîãî
ñîâåðøàåò êîëåáàíèÿ â ïëîñêîñòè äâèæåíèÿ ìàÿòíèêà. Îò óðàâíåíèÿ (3) ïåðåéäåì ê
ñèñòåìå óðàâíåíèé â ãàìèëüòîíîâîé ôîðìå (ñì. [7], ãë.11)

dy
dt

= z − εA−1

(
t
ε

)
sin y − εB−1

(
t
ε

)
cos y,

dz
dt

= εA−1

(
t
ε

)
z cos y − εB−1

(
t
ε

)
z sin y + ε2

2
(B2

−1

(
t
ε

)
− A2

−1

(
t
ε

)
) sin 2y−

ε2A−1

(
t
ε

)
B−1

(
t
ε

)
cos 2y − ⟨A

(
t
ε

)
⟩ sin y + ⟨B

(
t
ε

)
⟩ cos y.

Â ïîñëåäíåé ñèñòåìå ñäåëàåì çàìåíó âðåìåíè

τ =
t

ε
.

Ïîëó÷èì ñèñòåìó

dy
dτ

= εz − ε2A−1(τ) sin y − ε2B−1(τ) cos y,
dz
dτ

= ε2[A−1(τ)z cos y)−B−1(τ)z sin y]− ε3

2
(B2

−1(τ)− A2
−1(τ)) sin 2y−

ε3A−1(τ)B−1(τ) cos 2y − ε[⟨A(τ)⟩ sin y + ⟨B(τ)⟩ cos y].
(4)
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Ñèñòåìà (4) èìååò ñòàíäàðòíóþ ôîðìó äëÿ ïðèìåíåíèÿ ìåòîäà óñðåäíåíèÿ. Ïîñòðî-
èì óñðåäíåííûå óðàâíåíèÿ. Ñäåëàåì çàìåíó ïåðåìåííûõ

y = ξ + ε2u2(τ, ξ) + ε3u3(τ, ξ),
z = η + ε2w2(τ, ξ, η) + ε3w3(τ, ξ, η).

(5)

Çàìåíà (5) äîëæíà ïðèâåñòè ñèñòåìó (4) ê âèäó

dξ
dτ

= εη + ε2A2(ξ, η) + ε3A3(ξ, η) +O(ε4),
dη
dτ

= −ε[⟨A(τ)⟩ sin ξ + ⟨B(τ)⟩ cos ξ] + ε2B2(τ, ξ) + ε3B3(ξ, η) +O(ε4).

Íàì íåîáõîäèìî íàéòè ôóíêöèè A2, A3, B2, B3. Ïîäñòàâèì ôîðìóëû çàìåíû (5) â
ñèñòåìó (4). Ïîëó÷èì

εη + ε2A2(ξ, η) + ε3A3(ξ, η) + ε2v2τ + ε3v2ξη + ε3v2η[−⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ]+
ε3v3τ +O(ε4) = −ε2A−1(τ) sin ξ − ε2B−1(τ) cos ξ + ε3w2(τ, ξ, η) +O(ε4).

(6)
−ε[⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ] + ε2B2(ξ, η) + ε3B3(ξ, η) + ε2w2τ

+ε3w2ξη + ε3w2η[⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ]+
ε3w3τ +O(ε4) = −ε[⟨A(τ)⟩ sin ξ + ⟨B(τ)⟩ cos ξ] + ε2[A−1(τ)η cos ξ)−B−1(τ)η sin ξ]−
ε3

2
(B2

−1(τ)− A2
−1(τ)) sin 2ξ − ε3A−1(τ)B−1(τ) cos 2ξ

(7)
Ïðèðàâíèâàÿ ñëàãàåìûå â îáåèõ ÷àñòÿõ ðàâåíñòâ (6) è (7) ïðè ε2, ïîëó÷èì

A2(ξ, η) + v2τ = B−1(τ) cos ξ, B2(ξ, η) + w2τ = A−1(τ)η cos ξ −B−1(τ)η sin ξ. (8)

Ôóíêöèè A2(ξ), B2(ξ, η) îïðåäåëÿþòñÿ êàê ñðåäíèå çíà÷åíèÿ ïî τ ïðàâûõ ÷àñòåé ðà-
âåíñòâ (8), à ôóíêöèè v2(τ, ξ), w2(τ, ξ, η) - êàê ïåðèîäè÷åñêèå ïî τ ñ íóëåâûì ñðåäíèì
çíà÷åíèåì. Ïîýòîìó A2(ξ) = B2(ξ, η) = 0, a

v2(τ, ξ) =

∫
B−1(τ)dτ cos ξ, w2(τ, ξ, η) =

∫
A−1(τ)dτη cos ξ −

∫
B−1(τ)dτη sin ξ.

Äàëåå, ïðèðàâíèâàåì ñëàãàåìûå ïðè ε3 â ðàâåíñòâàõ (6) è (7). Ïîëó÷èì ñîîòíîøåíèÿ

A3(ξ, η) + v2ξη + v3τ = w2(τ, ξ, η).

B3(ξ, η) + w2η[⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ] + w3τ =
1
2
(B2

−1(τ)− A2
−1(τ)) sin 2ξ − A−1(τ)B−1(τ) cos 2ξ.

Èç ýòèõ ñîîòíîøåíèé ñëåäóåò, ÷òî

A3(ξ, η) ≡ 0, B3(ξ, η) =
1

2
⟨(B2

−1(τ)− A2
−1(τ))⟩ sin 2ξ − ⟨A−1(τ)B−1(τ)⟩ cos 2ξ.

Ñëåäîâàòåëüíî, óñðåäíåííàÿ ñèñòåìà èìååò âèä

dξ
dτ

= εη,
dη
dτ

= −ε[Ā sin ξ + B̄ cos ξ]− ε3[C̄ sin 2ξ + D̄ cos 2ξ],
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ãäå

Ā = ⟨A(τ)⟩, B̄ = ⟨B(τ)⟩, C̄ =
1

2
⟨(A2

−1(τ)−B2
−1(τ))⟩, D̄ = ⟨A−1(τ)B−1(τ)⟩. (9)

Óñðåäíåííóþ ñèñòåìó ìîæíî çàïèñàòü â âèäå óðàâíåíèÿ âòîðîãî ïîðÿäêà

d2ξ

dτ 2
+ ε2[Ā sin ξ + B̄ cos ξ] + ε4[C̄ sin 2ξ + D̄ cos 2ξ] = 0.

Â èñõîäíîì âðåìåíè t óñðåäíåííîå óðàâíåíèå âûãëÿäèò ñëåäóþùèì îáðàçîì

d2ξ

dt2
+ [Ā sin ξ + B̄ cos ξ] + ε2[C̄ sin 2ξ + D̄ cos 2ξ] = 0. (10)

Óðàâíåíèå (10) ìîæíî çàïèñàòü â áîëåå êîìïàêòíîé ôîðìå

d2ξ

dt2
+ E sin(ξ − γ) + ε2F sin(2ξ − δ) = 0, (11)

ãäå
Ā = E cos γ, B̄ = E sin γ, C̄ = F cos δ, D̄ = F sin δ. (12)

Óñðåäíåííîå óðàâíåíèå ïåðâîãî ïðèáëèæåíèÿ

d2ξ

dt2
+ E sin(ξ − γ) = 0

èìååò äâà ñîñòîÿíèÿ ðàâíîâåñèÿ ξ1 = γ è ξ2 = π + γ, ïðè÷åì ξ1 óñòîé÷èâî, à ξ2
íåóñòîé÷èâî. Åñëè Ā = B̄ = 0, òî óðàâíåíèå (10) èìååò ÷åòûðå ñîñòîÿíèÿ ðàâíîâåñèÿ.
Ñîñòîÿíèÿ ðàâíîâåñèÿ δ/2, π + δ/2 óñòîé÷èâû, à ñîñòîÿíèÿ ðàâíîâåñèÿ π/2 + δ/2,
3π/2 + δ/2 íåóñòîé÷èâû.

Â êà÷åñòâå ïðèìåðà ïîëîæèì

f

(
t

ε

)
= − sin

(
t

ε

)
.

Èç èçâåñòíûõ ñîîòíîøåíèé äëÿ ôóíêöèé Áåññåëÿ (ñì., íàïð.[8])

cos(z sin θ) = J0(z) + 2
∑∞

k=1 J2k(z) cos(2kθ),
sin(z sin θ) = 2

∑∞
k=0 J2k+1(z) sin[(2k + 1)θ],

ãäå Jk(z) - ôóíêöèÿ Áåññåëÿ öåëîãî ïîðÿäêà k, ñëåäóåò, ÷òî

Ā = ⟨A(t)⟩ = J0(M), B̄ = ⟨B(t)⟩ = 0,

Äàëåå,

A−1(t) =
∞∑
k=1

J2k(M)

k
sin 2kt, B−1(t) = −2

∞∑
k=0

J2k+1(M)

2k + 1
cos(2k + 1)t.
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Ñëåäîâàòåëüíî,

C̄ = −2
∞∑
k=0

J2
2k+1(M)

(2k + 1)2
+

∞∑
k=1

J2
2k(M)

k2
, D̄ = 0.

Â äàííîì ñëó÷àå óñðåäíåííîå óðàâíåíèå (9) ïðèíèìàåò âèä

d2ξ

dt2
+ J0(M) sin ξ + ε2C̄ sin 2ξ = 0. (13)

Â ïåðâîì ïðèáëèæåíèè ïîëó÷èì óðàâíåíèå

d2ξ

dt2
+ J0(M) sin ξ = 0.

Ñîñòîÿíèÿ ðàâíîâåñèÿ ξ1 = 0, ξ2 = π. Óñòîé÷èâîñòü ñîñòîÿíèé ðàâíîâåñèÿ îïðåäåëÿ-
åòñÿ çíàêîì ÷èñëà J0(M).

Òåïåðü ðàññìîòðèì óðàâíåíèå

x′′ + αx′ + sin x =
M

ε2
f

(
t

ε

)
, (14)

ãäå ε - ìàëûé ïàðàìåòð, f(t) - ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ ïåðèîäîì 2π, α - êîýô-
ôèöèåíò çàòóõàíèÿ, M - ïîñòîÿííàÿ. Óðàâíåíèå (14) îòëè÷àåòñÿ îò óðàâíåíèÿ (1)
íàëè÷èåì ÷ëåíà ñ çàòóõàíèåì. Â óðàâíåíèè (14) ñäåëàåì çàìåíó

x = y +G

(
t

ε

)
,

ãäå ôóíêöèÿ G(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

G′′ + αG′ =
M

ε2
f

(
t

ε

)
.

Ïîñëå çàìåíû ïîëó÷èì óðàâíåíèå

y′′ + αy′ + A(
t

ε
) sin y +B(

t

ε
) cos y = 0, (15)

ãäå

A

(
t

ε

)
= cos

(
G

(
t

ε

))
, B

(
t

ε

)
= sin

(
G

(
t

ε

))
.

Ñîîòâåòñòâóþùàÿ ãàìèëüòîíîâà ñèñòåìà èìååò âèä

dy
dt

= z − εA−1

(
t
ε

)
sin y − εB−1

(
t
ε

)
cos y,

dz
dt

= −αz + εA−1

(
t
ε

)
(α sin y + z cos y) + εB−1

(
t
ε

)
(α cos y − z sin y)+

ε2

2
(B2

−1

(
t
ε

)
− A2

−1

(
t
ε

)
) sin 2y − ε2A−1

(
t
ε

)
B−1

(
t
ε

)
cos 2y − ⟨A

(
t
ε

)
⟩ sin y − ⟨B

(
t
ε

)
⟩ cos y.

Ïåðåõîäèì ê áûñòðîìó âðåìåíè τ = t/ε. Ïîëó÷èì ñèñòåìó â còàíäàðòíîé ôîðìå

dy
dτ

= ε(z − εA−1(τ) sin y − εB−1(τ) cos y),
dz
dτ

= ε[−αz + εA−1(τ)(α sin y + z cos y) + εB−1(τ)(α cos y − z sin y)+
ε2

2
(B2

−1(τ)− A2
−1(τ)) sin 2y − ε2A−1(τ)B−1(τ) cos 2y − ⟨A(τ)⟩ sin y − ⟨B(τ)⟩ cos y].

(16)
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Ïîñëå óñðåäíÿþùèõ çàìåí âèäà (5) ïîëó÷èì óñðåäíåííóþ ñèñòåìó

dξ
dτ

= εη,
dη
dτ

= −ε[αξ + Ā sin ξ + B̄ cos ξ]− ε3[C̄ sin 2ξ + D̄ cos 2ξ],
(17)

Çäåñü èñïîëüçîâàíû îáîçíà÷åíèÿ (9). Óñðåäíåííàÿ ñèñòåìà ïåðâîãî ïðèáëèæåíèÿ
èìååò âèä

dξ
dτ

= εη,
dη
dτ

= −ε[αη + Ā sin ξ + B̄ cos ξ].

Ýòó ñèñòåìó ìîæíî çàïèñàòü â âèäå

dξ
dτ

= εη,
dη
dτ

= −ε[αη + E sin(ξ − γ)].

Ñîñòîÿíèå ðàâíîâåñèÿ ξ1 = γ ýòîé ñèñòåìû àñèìïòîòè÷åñêè óñòîé÷èâî, à ñîñòîÿíèå
ðàâíîâåñèÿ ξ2 = π + γ íåóñòîé÷èâî. Èç òåîðåìû îá óñðåäíåíèè íà áåñêîíå÷íîì ïðî-
ìåæóòêå (ñì. [6,7]) ñëåäóåò, ÷òî ïðè äîñòàòî÷íî ìàëûõ ε ñèñòåìà (16) èìååò àñèìï-
òîòè÷åñêè óñòîé÷èâîå 2π-ïåðèîäè÷åñêîå ðåøåíèå y1(τ), áëèçêîå ê ξ1 è íåóñòîé÷èâîå
2π-ïåðèîäè÷åñêîå ðåøåíèå y2(τ), áëèçêîå ê ξ2. Îòñþäà ñëåäóåò, ÷òî ïðè äîñòàòî÷íî
ìàëûõ ε óðàâíåíèå (14) èìååò äâà áûñòðî îñöèëëèðóþùèõ ïåðèîäè÷åñêèõ ðåøåíèÿ
x1(t) = y1(t/ε) +G(t/ε) è x2(t) = y2(t/varepsilon) +G(t/ε).

Åñëè f(t) = − sin t, òî

G(t) =
εγM

1 + γ2ε2
cos

t

ε
+

M

1 + γ2ε2
sin

t

ε
.

Ëåãêî âèäåòü, ÷òî

G(t) = M sin
t

ε
+O(ε).

Ïîýòîìó óñðåäíåííîå óðàâíåíèå â ýòîì ñëó÷àå ñ òî÷íîñòüþ äî ÷ëåíà ñ çàòóõàíèåì
ñîâïàäàåò ñ óñðåäíåííûì óðàâíåíèåì (13).

Ïåðèîäè÷åñêè âîçìóùåííîå óðàâíåíèå ñèíóñ-Ãîðäîí

Òåïåðü îáðàòèìñÿ ê ïåðèîäè÷åñêè âîçìóùåííîìó óðàâíåíèþ ñèíóñ-Ãîðäîí

utt − uxx + sin u =
M

ε2
f

(
t

ε

)
, (18)

ãäå ε - ìàëûé ïàðàìåòð, f(t) - ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ ïåðèîäîì 2π,M - ïîñòîÿííàÿ.
Â óðàâíåíèè (18) ñäåëàåì çàìåíó

u = v +MF

(
t

ε

)
,

ãäå F ′′(t) = f(t). Ïîñëå çàìåíû óðàâíåíèå (18) ïðèíèìàåò âèä

vtt − vxx + sin

(
v +MF

(
t

ε

))
= 0. (19)
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Óðàâíåíèå (19) ìîæíî çàïèñàòü â âèäå

vtt − vxx + A

(
t

ε

)
sin v +B

(
t

ε

)
cos v = 0, (20)

ãäå

A

(
t

ε

)
= cos

(
MF

(
t

ε

))
, B

(
t

ε

)
= sin

(
MF

(
t

ε

))
.

Êàê è â ñëó÷àå ðàññìîòðåíèÿ óðàâíåíèÿ (3) ââîäèì îáîçíà÷åíèå äëÿ ñðåäíåãî çíà÷å-
íèÿ ïåðèîäè÷åñêîé ôóíêöèè, à òàêæå ôóíêöèè A−1(t) è B−1(t). Çàïèøåì óðàâíåíèå
(20) â âèäå ýêâèâàëåíòíîé ñèñòåìû óðàâíåíèé

vt = p− A−1

(
t
ε

)
sin v −B−1

(
t
ε

)
cos v,

pt = vxx − A−1

(
t
ε

)
p cos v −B−1

(
t
ε

)
p sin v+

1
2
(B2

−1

(
t
ε

)
− A2

−1

(
t
ε

)
) sin 2v − A−1

(
t
ε

)
B−1

(
t
ε

)
cos 2v − ⟨A

(
t
ε

)
⟩ sin v − ⟨B

(
t
ε

)
⟩ cos v.

Ïîñëå ïåðåõîäà êî âðåìåíè τ = t/ε, ïîëó÷èì ñèñòåìó

vτ = ε[p− A−1(τ) sin v −B−1(τ) cos v],
pτ = ε[vxx − A−1(τ)p cos v −B−1(τ)p sin v+
1
2
(B2

−1(τ)− A2
−1(τ)) sin 2v − A−1(τ)B−1(τ) cos 2v − ⟨A(τ)⟩ sin v − ⟨B(τ)⟩ cos v].

(16)

Âûïîëíèì ñòàíäàðòíóþ çàìåíó ìåòîäà óñðåäíåíèÿ

v = ξ + ε2v2(τ, ξ) + ε3v3(τ, ξ),
p = η + ε2w2(τ, ξ, η) + ε3w3(τ, ξ, η).

Ìû õîòèì èñêëþ÷èòü âðåìÿ τ è ïîëó÷èòü ñèñòåì

ξτ = εη + ε2A2(ξ) + ε3A3(ξ) +O(ε4)
ητ = εξxx − ε(⟨A(τ)⟩ sin v − ⟨B(τ)⟩ cos v) + ε2B2(ξ, η) + ε3B3(ξ, η) +O(ε4).

Ïîäñòàâèì ôîðìóëó çàìåíû â ñèñòåìó (16). Ïîëó÷èì ñîîòíîøåíèÿ ïî÷òè èäåíòè÷íûå
ñîîòíîøåíèÿì (6) è (7)

εη + ε2A2(ξ) + ε3A3(ξ) + ε2v2τ + ε3v2ξη + ε3v2η[−⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ]+
ε3v3τ +O(ε4) = −ε2A−1(τ) sin ξ − ε2B−1(τ) cos ξ + ε3w2(τ, ξ, η) +O(ε4).

(17)

εξxx − ε[⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ] + ε2B2(ξ, η) + ε3B3(ξ, η) + ε2w2τ

+ε3w2ξη + ε3w2η[⟨A(τ)⟩ sin ξ − ⟨B(τ)⟩ cos ξ]+
ε3w3τ +O(ε4) = −ε[⟨A(τ)⟩ sin ξ + ⟨B(τ)⟩ cos ξ] + ε2[A−1(τ)η cos ξ)−B−1(τ)η sin ξ]−
ε3

2
(B2

−1(τ)− A2
−1(τ)) sin 2ξ − ε3A−1(τ)B−1(τ) cos 2ξ

(18)
Ïðèðàâíèâàåì ñëàãàåìûå ïðè ñòåïåíÿõ ε2 è ε3 â îáåèõ ÷àñòÿõ ðàâåíñòâ (17) (18). Êàê
è â ñëó÷àå ñèñòåì (6) è (7) ïîëó÷èì A2 = A3 = B2 = 0, à

B3(ξ, η) =
1

2
⟨(B2

−1(τ)− A2
−1(τ))⟩ sin 2ξ − ⟨A−1(τ)B−1(τ)⟩ cos 2ξ.
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Ñëåäîâàòåëüíî, óñðåäíåííàÿ ñèñòåìà èìååò âèä

ξτ = εη,
ητ = εξxx − ε(⟨A(τ)⟩ sin v − ⟨B(τ)⟩ cos v) + ε3[1

2
⟨(B2

−1(τ)− A2
−1(τ))⟩ sin 2ξ−

⟨A−1(τ)B−1(τ)⟩ cos 2ξ].
(19)

Óñðåäíåííóþ ñèñòåìó (19) ìîæíî çàïèñàòü â âèäå îäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

ξττ − ε2ξxx + ε2(⟨A(τ)⟩ sin v + ⟨B(τ)⟩ cos v)− ε4[1
2
⟨(B2

−1(τ)− A2
−1(τ))⟩ sin 2ξ−

⟨A−1(τ)B−1(τ)⟩ cos 2ξ] = 0.
(20)

Óñðåäíåííîå óðàâíåíèå (20) çàïèøåì âî âðåìåíè t, èñïîëüçóÿ îáîçíà÷åíèÿ (9)

ξtt − ξxx + (Ā sin v + B̄ cos v) + ε2[C sin 2ξ +D cos 2ξ] = 0. (21)

Óðàâíåíèå (21) ìîæíî çàïèñàòü â áîëåå êîìïàêòíîé ôîðìå (ñì. îáîçíà÷åíèÿ (12))

ξtt − ξxx + E sin(ξ − γ) + ε2F sin(2ξ − δ) = 0. (22)

Óñðåäíåííîå óðàâíåíèå ïåðâîãî ïðèáëèæåíèÿ èìååò âèä

ξtt − ξxx + E sin(ξ − γ) = 0. (23)

Åñëè f(t) = − sin t, òî êàê ïîêàçûâàþò âû÷èñëåíèÿ, ïðîâåäåííûå â ïðåäûäóùåì
ðàçäåëå äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, óðàâíåíèå (22) ïðåâðà-
ùàåòñÿ â óðàâíåíèå

ξtt − ξxx + J0(M) sin ξ = 0.

Ýòî óðàâíåíèå ñèíóñ-Ãîðäîí. Åãî âîëíîâîå ðåøåíèå òèïà êèíê (2π-êèíê) ïðè J0(M) >
0 èìååò âèä

ξ(t, x) = 4 arctan exp

[
(J0(M))1/2(x− ct)√

1− c2

]
.

Óðàâíåíèå (22) â äàííîì ñëó÷àå ïðèíèìàåò âèä

ξtt − ξxx + J0(M) sin ξ + ε2C̄ sin 2ξ = 0, (24)

ãäå

C̄ = −2
∞∑
k=0

J2
2k+1(M)

(2k + 1)2
+

∞∑
k=1

J2
2k(M)

k2
.

Óðàâíåíèå (24) - ýòî äâîéíîå óðàâíåíèå ñèíóñ-Ãîðäîí.
Òåïåðü ðàññìîòðèì óðàâíåíèå ñèíóñ-Ãîðäîí ñ äèññèïàòèâíûì ÷ëåíîì è ïåðèîäè-

÷åñêèì âîçìóùåíèåì

utt + αut − uxx + sin u =
M

ε2
f

(
t

ε

)
, (25)

Â óðàâíåíèè (25) äåëàì çàìåíó

u = v +G

(
t

ε

)
,
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ãäå ôóíêöèÿ G(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

G′′ + αG′ =
M

ε2
f

(
t

ε

)
.

Ïîñëå çàìåíû ïîëó÷èì óðàâíåíèå

vtt + αvt − vxx + A(
t

ε
) sin v +B(

t

ε
) cos v = 0, (26)

ãäå

A

(
t

ε

)
= cos

(
G

(
t

ε

))
, B

(
t

ε

)
= sin

(
G

(
t

ε

))
.

Ýêâèâàëåíòíàÿ ñèñòåìà èìååò âèä

vt = p− A−1

(
t
ε

)
sin v −B−1

(
t
ε

)
cos v,

pt = vxx − αp+ A−1

(
t
ε

)
[α sin v + p cos v] + B−1

(
t
ε

)
[α cos v − p sin v]+

1
2
(B2

−1

(
t
ε

)
− A2

−1

(
t
ε

)
) sin 2v − A−1

(
t
ε

)
B−1

(
t
ε

)
cos 2v − ⟨A

(
t
ε

)
⟩ sin v − ⟨B

(
t
ε

)
⟩ cos v.

Äàëüíåéøèå øàãè àíàëîãè÷íû òåì, êîòîðûå ñäåëàíû ïðè àíàëèçå óðàâíåíèÿ ñèíóñ-
Ãîðäîí áåç äèññèïàöèè. Ïåðåõîäèì ê áûñòðîìó âðåìåíè τ = t/ε. Ïîëó÷èì ñèñòåìó
â ñòàíäàðòíîé ôîðìå. Äàëåå, äåëàåì óñðåäíÿþùèå çàìåíû. Ïîëó÷èì óñðåäíåííîå
óðàâíåíèå âî âðåìåíè t

ξtt + αξt − ξxx + (Ā sin v + B̄ cos v) + ε2[C sin 2ξ +D cos 2ξ] = 0,

ãäå êîýôôèöèåíòû Ā, B̄, C̄, D̄ îïðåäåëÿþñÿ ôîðìóëàìè (9).
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