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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïàðàìåòðè÷åñêè âîçáóæäåííîå óðàâíåíèå ñèíóñ-
Ãîðäîí. Âîçáóæäåíèå ïðåäñòàâëÿåò ñîáîé áûñòðî îñöèëëèðóþùóþ ïåðèîäè÷åñêóþ
ôóíêöèþ ñ íóëåâûì ñðåäíèì çíà÷åíèåì. Ñ ïîìîùüþ ìåòîäà óñðåäíåíèÿ ñòðîèòñÿ
óñðåäíåííîå óðàâíåíèå êàê â ñëó÷àå, êîãäà áûñòðî îñöèëëèðóþùàÿ ôóíêöèÿ èìå-
åò ïîñòîÿííóþ àìïëèòóäó, òàê è àñèìïòîòè÷åñêè áîëüøóþ àìïëèòóäó. Óñðåäíåííîå
óðàâíåíèå èìååò â êà÷åñòâå ðåøåíèé π êèíêè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñèíóñ-Ãîðäîí, ïàðàìåòðè÷åñêîå âîçáóæäåíèå, ìåòîä
óñðåäíåíèÿ, π êèíêè.

Õîðîøî èçâåñòíî (cì. íàïð. [1,2]), ÷òî óðàâíåíèå ñèíóñ-Ãîðäîí (sine-Gordon) èñ-
ïîëüçóåòñÿ äëÿ òîãî ÷òîáû îïèñàòü ìíîãèå ôèçè÷åñêèå ýôôåêòû â îäíîìåðíîì ïðè-
áëèæåíèè, íàïðèìåð, êîíòàêò Äæîçåôñîíà â ïåðåäàþùèõ ëèíèÿõ, êðàåâûå äèñëîêà-
öèè â êðèñòàëëàõ, ñïèíîâûå âîëíû â ñâåðõòåêó÷èõ ôàçàõ A è B ãåëèÿ 3He, âîëíû
â êâàçèîäíîìåðíûõ ôåððîìàãíèòíûõ ìàòåðèàëàõ è äð. Çíà÷èòåëüíîå ÷èñëî ðàáîò
ïîñâÿùåíî ðàçâèòèþ òåõíèêè òåîðèè âîçìóùåíèé äëÿ ñèñòåì, áëèçêèõ ê èíòåãðè-
ðóåìûì, â òîì ÷èñëå äëÿ ñèñòåì, áëèçêèõ ê óðàâíåíèþ ñèíóñ-Ãîðäîí (ñì. îáçîðíóþ
ñòàòüþ [3], à òàêæå, íàïðèìåð, ðàáîòû [4,5,6,7,8]).

Â óðàâíåíèè ñèíóñ-Ãîðäîí îáíàðóæåíû òðè òèïà âîëíîâûõ ðåøåíèé: ôîíîíû,
êèíêè è áðèçåðû. Ôîíîíû - ýòî ïðîòÿæåííûå ïåðèîäè÷åñêèå ðåøåíèÿ, êèíêè è áðè-
çåðû ÿâëÿþòñÿ óåäèíåííûìè âîëíàìè (ñîëèòîíàìè). Èññëåäîâàëîñü äåéñòâèå âîçìó-
ùåíèÿ íà ýòè êëàññû ðåøåíèé.

Â ðàáîòàõ [9,10] ðàññìàòðèâàëîñü ïàðàìåòðè÷åñêè âîçáóæäåííîå áûñòðî îñöèëëè-
ðóþùåé ïåðèîäè÷åñêîé ôóíêöèåé óðàâíåíèå ñèíóñ-Ãîðäîí:

utt(x, t)− uxx(t, x) + f

(
t

ε

)
sinu(t, x) = 0. (1)

Çäåñü f(t) - ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ íóëåâûì ñðåäíèì çíà÷åíèåì è ïîñòîÿííîé àì-
ïëèòóäîé, ε - ìàëûé ïîëîæèòåëüíûé ïàðàìåòð. Öåëüþ ðàáîò ñîñòîÿëî îáíàðóæåíèå
â óñðåäíåííîì óðàâíåíèè π êèíêîâ, êîòîðûå ÿâëÿþòñÿ ïðèáëèæåííûìè ðåøåíèÿìè
óðàâíåíèÿ (1) ïðè äîñòàòî÷íî ìàëîì ε. Óòâåðæäàåòñÿ, ÷òî ðåçóëüòàòû èññëåäîâàíèÿ
ìîãóò áûòü ïðèìåíåíû ê êâàçèîäíîìåðíûì ôåððîìàãíåòèêàì, êîòîðûå íàõîäÿòñÿ
ïîä äåéñòâèåì áûñòðîîñöèëëèðóþùåãî âíåøíåãî ìàãíèòíîãî ïîëÿ. Íàëè÷èå π êèí-
êîâ îêàçûâàåò âëèÿíèå íà äâèæåíèå äîìåííûõ ñòåíîê ôåððîìàãíåòèêà.

Çàäà÷à ïîñòðîåíèÿ óñðåäíåííîãî óðàâíåíèÿ â [9,10] ðåøàåòñÿ ñëåäóþùèì îáðàçîì.
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Ââîäèòñÿ ãàìèëüòîíèàí

H =

∞∫
−∞

(
p2

2
+

u2
x

2
− f

(
t

ε

)
cosu

)
dx,

ãäå p = ut. Âûïîëíÿåòñÿ íåñêîëüêî êàíîíè÷åñêèõ ïðåîáðàçîâàíèé, êîòîðûå ïîçâî-
ëÿþò óñòðàíèòü áûñòðî îñöèëëèðóþùèå ñëàãàåìûå èç ãàìèëüòîíèàíà. Óñðåäíåííàÿ
ñèñòåìà óðàâíåíèé èìååò â êà÷åñòâå ðåøåíèÿ π êèíêè, êîòîðûå ÿâëÿþòñÿ ïðèáëè-
æåííûìè ðåøåíèÿìè óðàâíåíèÿ (1). ×òîáû ïîòâåðäèòü ýòî óòâåðæäåíèå ïðîâîäÿòñÿ
÷èñëåííûå âû÷èñëåíèÿ ïðè çíà÷åíèÿõ ïàðàìåòðîâ c = 0.5, ε = 0.1 è f(t) = sin t.
Îòìåòèì, ÷òî ðàáîòû [9], [10] ïî÷òè èäåíòè÷íû.

Â ýòîé ðàáîòå ïðåäëàãàåòñÿ äðóãîé ìåòîä ïîñòðîåíèÿ óñðåäíåííîãî óðàâíåíèÿ äëÿ
(1), èìåííî ñòàíäàðòíûé ìåòîä óñðåäíåíèÿ [11]. Íàø ïîäõîä ñîâïàäàåò ñ òåì, êîòî-
ðûé áûë èñïîëüçîâàí â [12] äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ñîñòîÿíèé ðàâíîâåñèÿ
ìàÿòíèêà ñ âèáðèðóþùèì ïîäâåñîì.

Îáîçíà÷èì ÷åðåç φ(t) ïåðèîäè÷åñêóþ ôóíêöèþ ñ íóëåâûì ñðåäíèì çíà÷åíèåì,
äëÿ êîòîðîé ïðîèçâîäíàÿ φ′(t) óäîâëåòâîðÿåò ðàâåíñòâó φ′(t) = f(t).

Îò óðàâíåíèÿ (1) ïåðåéäåì ê ñèñòåìå óðàâíåíèé

ut = p− εφ
(
t
ε

)
sinu

pt = uxx + εφ
(
t
ε

)
p cosu− 1

2
ε2

(
φ
(
t
ε

))2
sin 2u.

(2)

Ëåãêî ïðîâåðÿåòñÿ, ÷òî ñèñòåìà (2) ýêâèâàëåíòíà óðàâíåíèþ (1). Ýòîò ïåðåõîä ïî
ñóùåñòâó ÿâëÿåòñÿ ïåðåõîäîì îò çàïèñè ñèñòåìû â ôîðìå Ëàãðàíæà ê çàïèñè ñèñòåìû
â ãàìèëüòîíîâîé ôîðìå.

Â ñèñòåìå óðàâíåíèé (2) ïåðåéäåì ê áûñòðîìó âðåìåíè τ = t
ε
. Ïîëó÷èì ñèñòåìó

uτ = εp− ε2φ(τ) sinu
pτ = εuxx + ε2φ(τ)p cosu− 1

2
ε3(φ(τ))2 sin 2u.

(3)

Ïðàâûå ÷àñòè ñèñòåìû (3) ïðîïîðöèîíàëüíû ìàëîìó ïàðàìåòðó ε. Âûïîëíèì ñòàí-
äàðòíóþ çàìåíó ïåðåìåííûõ ìåòîäà óñðåäíåíèÿ

u = ξ + ε2v2(τ, ξ) + ε3v3(τ, ξ),
p = η + ε2w2(τ, ξ, η) + ε3w3(τ, ξ, η).

Çàìåíà äîëæíà óñòðàíèòü âðåìÿ τ èç ïðàâûõ ÷àñòåé ñèñòåìû (3), ò.å. ìû äîëæíû
ïîëó÷èòü ñèñòåìó

ξτ = εη + ε2A2(ξ, η) + ε3A3(ξ, η) +O(ε4),
ητ = εξxx + ε2B2(ξ, η) + ε3B3(ξ, η) +O(ε4).

Íàéäåì êîýôôèöèåíòû A2, A3, B2, B3. Ïîäñòàâëÿÿ ôîðìóëó çàìåíû â ñèñòåìó (3),
ïîëó÷èì

εη + ε2A2(ξ, η) + ε3A3(ξ, η) + ε2v2τ + ε3v2ξη + ε3v2ηξxx + v3τ +O(ε4) =
εη − ε2φ(τ) sin ξ + ε3w2(τ, ξ, η) +O(ε4),
εξxx + ε2B2(ξ, η) + ε3B3(ξ, η) + ε2w2τ + ε3w2ξη + ε3w2ηξxx + ε3w3τ +O(ε4)

= εξxx + ε3 ∂2

∂x2 (v2(τ, ξ)) + ε2φ(τ)η cos ξ − 1
2
(φ(τ))2 sin 2ξ.

(4)
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Ïðèðàâíèâàÿ ñëàãàåìûå â îáåèõ ÷àñòÿõ ðàâåíñòâ (4) ïðè ε2, ïîëó÷èì

v2τ + A2 = −φ(τ) sin ξ, w2τ +B2 = φ(τ)η cos ξ.

Â ìåòîäå óñðåäíåíèÿ ôóíêöèÿ A2(ξ) îïðåäåëÿåòñÿ êàê ñðåäíåå çíà÷åíèå ïî ïåðå-
ìåííîé τ ôóíêöèè −φ(τ) sin ξ. Òàê êàê ïåðèîäè÷åñêàÿ ôóíêöèÿ φ(τ) èìååò íóëåâîå
ñðåäíåå çíà÷åíèå, òî A2(ξ) = 0. Ôóíêöèÿ v2τ (τ, ξ) îïðåäåëÿåòñÿ êàê ïåðèîäè÷åñêàÿ
ïî τ c íóëåâûì ñðåäíèì çíà÷åíèåì. Îòñþäà ñëåäóåò, ÷òî v2 = −

∫
φ(s)ds sin ξ, ãäå∫

φ(s)ds - ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ íóëåâûì ñðåäíèì çíà÷åíèåì. Àíàëîãè÷íî, íàõî-
äèì, ÷òî B2(ξ, η) = 0 è w2(τ, ξ, η) =

∫
φ(s)dsη cos ξ. Äàëåå, ïðèðàâíèâàåì ñëàãàåìûå

ïðè ε3 â ðàâåíñòâàõ (4). Ïîëó÷èì ñîîòíîøåíèÿ

A3 + v3τ + v2ξη + v2ηξxx = w2(τ, ξ, η),

B3 + w3τ + w2ξη + w2ηξxx = −1

2
(φ(τ))2 sin 2ξ +

∂2

∂x2
(v2(τ, ξ)).

Òàê êàê ñðåäíèå çíà÷åíèÿ ïî ïåðåìåííîé τ ôóíêöèé v2ξη, v2ηξxx, w2(τ, ξ, η) ðàâíû
íóëþ, òî A3(ξ, η) = 0. Òî÷íî òàêèå æå ðàññóæäåíèÿ ïîêàçûâàþò, ÷òî B3 îïðåäåëÿåòñÿ
ôîðìóëîé

B3(ξ) =
1

2
⟨(φ(τ))2⟩ sin 2ξ,

ãäå ⟨φ(τ)⟩ - ñðåäíåå çíà÷åíèå ïåðèîäè÷åñêîé ôóíêöèè φ(τ).
Ñëåäîâàòåëüíî, óñðåäíåííàÿ ñèñòåìà èìååò âèä

ξτ = εη,
ητ = εξxx − ε3 1

2
⟨(φ(τ))2⟩ sin 2ξ.

Âåðíåìñÿ ê èñõîäíîìó âðåìåíè t = ετ . Ïîëó÷èì óñðåäíåííóþ ñèñòåìó âî âðåìåíè t:

ξt = η,
ηt = ξxx − ε2 ā

2
sin 2ξ,

ãäå

ā =
1

T

T∫
0

(φ(σ))2dσ.

Ýòó ñèñòåìó ìîæíî çàïèñàòü â âèäå îäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

ξtt − ξxx + ε2
ā

2
sin 2ξ = 0. (5)

Áóäåì èñêàòü âîëíîâûå ðåøåíèÿ óðàâíåíèÿ (5) â âèäå ξ(x, t) = r(x− ct). Ïîäñòàâëÿÿ
ýòî âûðàæåíèå â óðàâíåíèå (5), ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

(c2 − 1)r′′ + ε2
ā

2
sin 2r = 0. (6)
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Óìíîæèì óðàâíåíèå (6) íà r′ è ïðîèíòåãðèðóåì. Ïîëó÷èì óðàâíåíèå

r′2

2
− ε2

ā

2(c2 − 1)
cos 2r =

B

c2 − 1
, B = const. (7)

Óðàâíåíèå (7) - ýòî çàêîí ñîõðàíåíèÿ ýíåðãèè äëÿ ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì
(6). Ïîòåíöèàë èìååò âèä

V (r) = −ε2ā cos 2r

2(c2 − 1)
.

Ïðåäïîëîæèì, ÷òî c2 − 1 < 0. Òîãäà òî÷êè 0 è π ÿâëÿòñÿ êðèòè÷åñêèìè òî÷êàìè
ïîòåíöèàëà V (r). Ëåãêî âèäåòü, ÷òî

V ′′(0) = V ′′(π) = −2
ε2ā

1− c2
< 0.

Ñëåäîâàòåëüíî, òî÷êè 0 è π - òî÷êè ìàêñèìóìà ïîòåíöèàëà, ïðè÷åì V (0) = V (π). Ýòè
òî÷êè ÿâëÿþòñÿ ñåäëîâûìè òî÷êàìè óðàâíåíèÿ (6). Óêàçàííûå óñëîâèÿ îáåñïå÷èâàþò
ñóùåñòâîâàíèå ó óðàâíåíèÿ (5) âîëíîâîãî ðåøåíèÿ, êîòîðîå íàçûâàåòñÿ êèíêîì, â
äàííîì ñëó÷àå π êèíêîì. Âû÷èñëèì ýòî âîëíîâîå ðåøåíèå.

Íàéäåì ðåøåíèå óðàâíåíèÿ (6), êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì:

r(t) → 0, r′(t) → 0

ïðè t → ∞. Ó÷èòûâàÿ ýòè óñëîâèÿ, äëÿ âû÷èñëåíèÿ èñêîìîãî ðåøåíèÿ ïîëó÷àåì
óðàâíåíèå

r′2 +
ε2ā(cos 2r − 1)

2(1− c2)
= 0,

èëè,

r′2 =
ε2ā(1− cos 2r)

2(1− c2)
=

ε2ā sin2 r

1− c2
.

Îòñþäà
dr

sin r
=

ε
√
ā√

1− c2
ds.

Ìû îãðàíè÷èâàåìñÿ âûáîðîì çíàêà ïëþñ â ïðàâîé ÷àñòè ðàâåíñòâà. Èíòåãðèðóåì ýòî
ðàâåíñòâî ∫

dr

sin r
= s

ε
√
ā√

1− c2
+ δ, δ = const.

Ó÷èòûâàÿ çíà÷åíèå èíòåãðàëà â ëåâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà, ïîëó÷èì

ln | tg r

2
| = s

ε
√
ā√

1− c2
+ δ.

Ñëåäîâàòåëüíî,

tg
r

2
= exp

(
s

ε
√
ā√

1− c2
+ δ

)
.
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Îòêóäà

r(s) = 2 arctg

[
exp

(
s

ε
√
ā√

1− c2
+ δ

)]
.

Òàêèì îáðàçîì, óðàâíåíèå (5) èìååò âîëíîâûå ðåøåíèÿ

u(x, t) = 2 arctg

[
exp

(
(x− ct)

ε
√
ā√

1− c2
+ δ

)]
.

Òàêèå ðåøåíèÿ óðàâíåíèÿ (5) íàçûâàþòñÿ êèíêàìè (π êèíêàìè).
Ìû ñ÷èòàåì, ÷òî ýòè ðåøåíèÿ ÿâëÿþòñÿ ïðèáëèæåííûìè ðåøåíèÿìì èñõîäíîãî

óðàâíåíèÿ (1) ïðè äîñòàòî÷íî ìàëûõ ε.
Âûøå ïðåäïîëàãàëîñü, ÷òî áûñòðî îñöèëëèðóþùàÿ ôóíêöèÿ f(t/ε) èìååò ïîñòî-

ÿííóþ àìïëèòóäó. Áóäåì ñ÷èòàòü òåïåðü, ÷òî àìïëèòóäà êîëåáàíèé ïîðÿäêà 1/ε, ò.å.
ðàâíà 1

ε
H, ãäå H = const. Ïàðàìåòðè÷åñêè âîçáóæäåííîå óðàâíåíèå ñèíóñ-Ãîðäîí

ïðè ýòèõ óñëîâèÿõ èìååò âèä

utt(x, t)− uxx(t, x) +
1

ε
f

(
t

ε

)
sinu(t, x) = 0. (8)

Îáîçíà÷èì ñíîâà ÷åðåç φ(t) ïåðèîäè÷åñêóþ ôóíêöèþ ñ íóëåâûì ñðåäíèì çíà÷åíèåì,
äëÿ êîòîðîé φ′(t) = f(t). Îò óðàâíåíèÿ (8) ïåðåéäåì ê ñèñòåìå óðàâíåíèé

ut = p− φ
(
t
ε

)
sinu

pt = uxx + φ
(
t
ε

)
p cosu− 1

2

(
φ
(
t
ε

))2
sin 2u.

Ïåðåõîäÿ ê áûñòðîìó âðåìåíè τ = t/ε, ïîëó÷èì ñèñòåìó, â êîòîðîé ïðàâûå ÷àñòè
ïðîïîðöèîíàëüíû ìàëîìó ïàðàìåòðó ε

uτ = ε(p− φ(τ) sinu)
pτ = ε(uxx + φ(τ)p cosu− 1

2
(φ(τ))2 sin 2u).

Óñðåäíåííàÿ ñèñòåìà îïðåäåëÿåòñÿ â ïåðâîì ïðèáëèæåíèè è èìååò âèä

ξτ = εη
ητ = ε(ξxx − 1

2
⟨(φ(τ))2⟩ sin 2ξ).

Òåïåðü óñðåäíåííàÿ ñèñòåìà âî âðåìåíè t èìååò âèä

ξt = η
ηt = ξxx − 1

2
⟨(φ(t))2⟩ sin 2ξ.

Ïîëàãàåì ā = ⟨(φ(t))2⟩ è çàïèñûâàåì óñðåäíåííóþ ñèñòåìó â âèäå îäíîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà

ξtt − ξxx +
ā

2
sin 2ξ = 0. (9)

Âû÷èñëåíèå âîëíîâûõ ðåøåíèé óðàâíåíèÿ (9) ïðèâîäèò ê ñóùåñòâîâàíèþ π êèíêîâ
â âèäå

u(x, t) = 2 arctg

[
exp

(
(x− ct)

√
ā√

1− c2
+ δ

)]
, δ = const.
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Âû÷èñëåíèÿ ïðîâåäåíû ôîðìàëüíî è íóæäàåòñÿ â ÷èñëåííîé ïðîâåðêå òîò ôàêò, ÷òî
ïîëó÷åííûå π êèíêè ÿâëÿåòñÿ ïðèáëèæåííûìè ðåøåíèÿìè óðàâíåíèÿ (8) ïðè ìàëûõ
çíà÷åíèÿõ ïàðàìåòðà ε.

Ðàññìîòðèì åùå âîçìóùåííîå óðàâíåíèå ñèíóñ-Ãîðäîí ñëåäóþùåãî âèäà

utt(x, t)− uxx(t, x) +

(
1 +

1

ε
f

(
t

ε

))
sinu(t, x) = 0. (10)

Îòìåòèì, ÷òî â ñëó÷àå îäíîé ïåðåìåííîé t óðàâíåíèå (10) ïðåâðàùàåòñÿ â óðàâíåíèå
äâèæåíèÿ ìàÿòíèêà, òî÷êà ïîäâåñà êîòîðîãî ïåðèîäè÷åñêè êîëåáëåòñÿ âäîëü âåðòè-
êàëüíîé îñè ñ áîëüøîé ÷àñòîòîé è ìàëîé àìïëèòóäîé.

Â îáîçíà÷åíèÿõ, ââåäåííûõ ðàíåå, ñèñòåìà ýêâèâàëåíòíàÿ óðàâíåíèþ (10) èìååò
âèä

ut = p− φ
(
t
ε

)
sinu

pt = uxx − sinu+ φ
(
t
ε

)
p cosu− 1

2

(
φ
(
t
ε

))2
sin 2u.

Ïåðåõîäèì ê áûñòðîìó âðåìåíè τ = t/ε è óñðåäíÿåì ñèñòåìó. Ñèñòåìó ïåðâîãî ïðè-
áëèæåíèÿ âî âðåìåíè t çàïèñûâàåì â âèäå îäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

ξtt − ξxx + sin ξ +
ā

2
sin 2ξ = 0.

Òàêèì îáðàçîì, óñðåäíåííîå óðàâíåíèå ïðåäñòàâëÿåò ñîáîé äâîéíîå óðàâíåíèå ñèíóñ-
Ãîðäîí (double sine-Gordon).
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